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Brane inflation is a natural cosmic inflation scenario from string theory. Explicitly con-
structed brane inflation models enable us to probe string theory using cosmological data.
This is an exciting area where observations make contact with fundamental physics at
or around the string scale.
In this work, I review the basic setup of warped brane inflation models, discuss how
novel kinetic term, the Dirac-Born-Infeld (DBI) action, naturally arises and what infla-
ton potential string theory gives us. Depending on the magnitude of the inflaton mass
relative to the Hubble scales, there are three different scenarios: the slow-roll scenario,
the Ultraviolet DBI scenario, and the Infrared DBI scenario. I will review each scenario
in detail, and discuss their predictions on the cosmic microwave background (CMB)
sky. Some predictions, such as primordial non-Gaussianities, are so distinctive, that
if detected in the foreseeable future, will reveal the nature of cosmic inflation in great
detail. In fact, as we will show, current observational bounds on non-Gaussianity is al-
ready powerful enough to rule out Ultraviolet DBI inflation in the relativistic regime.
Some predictions have very stringy natures. Such as the stringy phase transition during
the early stage of Infrared DBI inflation that leads to significant running of the spectral
index, and the sharp features in the warp factor as a gravity dual of Sieberg duality cas-
cade. All these observable features opens the door for cosmological observations to test
the nature of the theory. In this work, we will present cosmological data analysis which
constrain specific brane inflation models in great detail.
Aside from the observational prospects, we will also discuss the conceptual issue
of eternal inflation in brane inflation scenarios. It is generically believed that eternal
inflation is unavoidable in field theory inflation models; however, string theory offers
new insights. As we will show, a bound on the inflaton field range from the size of
the compactified manifold forbids stochastic eternal inflation in the slow-roll scenario.
Eternal inflation in the DBI scenarios are also not generic, either due to the relativistic
motion of the brane or due to the stringy phase transition at the tip of the throat.
The last chapter of the work discuss our recent efforts in building inflation models on
the string landscape. It is now widely accepted that string theory allows an enormous
number of vacua. In the early universe, if the inflaton field is mobile in the landscape, the
resulting cosmic inflation picture is quite different from usual points of view. Here we
expect a multi-dimensional inflaton potential with random features. Such randomness
in the potential causes the inflaton to undergo Brownian-like motion; the detours always
increase the number of e-folds, ameliorating the fine tuning of a flat potential in slow-
roll model building. Meanwhile, detours lead to fluctuations in the primordial power
spectrum, which could show up in the CMB power spectrum. If we are fortunate, the
PLANCK satellite will be able to reveal some of these features for us.
We will conclude this work with summaries and remarks on future research.
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CHAPTER 1
INTRODUCTION
The last decade of the twentieth century has been an era where precise cosmological
observations reveal the nature of our universe in great details. It is generally believed that
our universe was hot and dense in the primordial era; the energy in the radiation drives
the expansion of the universe; and the temperature of the universe gradually cools down
as the universe expands. This is the Big-Bang scenario, which is strongly supported
by the detection of cosmic microwave background radiation, the relics from the early
hot universe. The abundances of light elements also strongly indicate that the universe
was hot while these elements were formed. However, standard Big-Bang theory cannot
explain why our universe is so flat, so homogeneous and so isotropic. These questions
can be answered if the universe before the Big-Bang went through a period of acceler-
ated expansion, cosmic inflation [1], after which the universe is dynamically made flat,
homogeneous and isotropic. Meanwhile, inflation also provides the quantum origin of
structures in our universe, by seeding the initial inhomogeneities that later grow into
galaxies and clusters. Albeit the success of cosmic inflation in solving cosmological
problems, the theoretical underpinning of inflation is still not clear more than twenty
years after its invention. Cosmological observations suggests that cosmic inflaton hap-
pens at an energy scale not too far below the Planck scale, where the quantum gravity
effect is large. Therefore, superstring theory, as a complete framework to treat quan-
tum gravity, becomes an ideal theoretical tool to study the inflationary era. Meanwhile,
cosmological observation could provide the experimental probe of superstring theory. If
we are fortunate, some stringy features may show up in a distinctive fashion on the sky,
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providing the smoking-gun signatures of superstring theory.
1.1 Brane Inflation from String Theory
The standard Big-Bang cosmology is fantastically successful at explaining the thermal
history of the observed universe. However, there remain key conceptual puzzles if we
inspect the standard Big-Bang theory closely.
Observations of the cosmic microwave background (CMB) suggests the existence of
temperature correlations over distances on the sky that corresponded to super-horizon
scales at the time the CMB was released (last scattering). In fact, standard Big-Bang
theory predicts that causally connected regions on the last scattering surface correspond
to only an angular separation of 1◦ on the sky. The fact that CMB temperature is nearly
the same to one part in 105 in all directions [2, 3] leads to the Horizon Problem: if two
points were never in causal contact before last scattering, there is no way to establish
thermal equilibrium between them.
CMB observations also suggest that our universe is extremely flat today; the curvature
density fraction (relative to the critical density) Ωk ∼ O(0.01) [4]. However, the curva-
ture density decreases as we go back in time. Ωk ∼ 0.01 today implies that Ωk ∼ 10−60
at the begging of radiation domination; or Ωk ∼ 10−20 at the epoch of Big-Bang Nu-
cleosynthesis (BBN). In order to have the correct value of Ωk today, standard Big-Bang
theory requires us to fine tune Ωk at early times to be extremely close to zero. This is
the Flatness Problem.
The inflationary epoch [1] solves the flatness and horizon problem in a beautiful way.
During inflaton, the Hubble scale is almost constant, so that
Ωk =Ω−1 = ka2H2 ∝
1
a2
.
To set the initial value of (Ω− 1) at the beginning of the radiation-dominated phase to
2
∼ 10−60, we require that during inflation
|Ω−1|t f
|Ω−1|ti
=
(
ai
a f
)2
= e−2N . (1.1)
Taking |Ω−1|ti of order unity, it is enough to require that N ≈ 60. If the early universe
went through a period of accelerated expansion for at least 60 e-folds, i.e., the scale
factor grows by at least a factor of e60, we will be able to drive Ωk sufficiently close to
zero that we still observe it near zero today.
Furthermore, during inflation, the physical wavelength grows faster than the hori-
zon; fluctuations are hence stretched outside the horizon during inflation and re-enter
the horizon at late times. Super-horizon scales on the last scattering surface were in
fact inside horizon before inflation. Therefore, the uniformity of CMB temperature can
be explained by causal micro-physics. In addition to solving the horizon and flatness
problems, inflation also helps to remove all the dangerous defects, especially magnetic
monopoles, from phase transitions in the early universe; these monopoles, if present to-
day, will close our universe. A bonus we get from inflation is that quantum fluctuations
during inflation provide seeds for large scale structure formation, linking cosmological
observations today to physics in the primordial universe.
Cosmological observations have yielded striking evidence for an inflationary epoch
in the early universe. However, to date, there is still no compelling theoretical under-
pinning for inflation. In the field theory context, the most studied realization of cosmic
inflation is the slow-roll scenario [5, 6], in which inflation is driven by a scalar field
slowly rolling down a flat potential. Because the potential is extremely flat, enough
inflation can be achieved to solve the horizon problem. Furthermore, the spectrum of
primordial quantum fluctuation is nearly scale invariant and Gaussian. Slow-roll infla-
tionary scenarios confront cosmological observations via two observables [2, 4] ,
1. The amplitude of the density perturbation or temperature fluctuations in the cos-
mic microwave background (CMB) as measured by COBE δH ∼ 10−5 and WMAP
3
AS ∼ 10−9 (The two different normalization is related by As = 25δ 2H/4.)
2. The spectral index of the scalar power spectrum nS ≈ 0.96 (nS = 1 for exactly
scale invariant power spectrum)
In addition, there are three observational upper bounds [4]:
1. The level of primordial gravitational waves, as measured by the tensor to scalar
ratio r . 0.22
2. The scale dependence (running) of the scalar spectral index |dnS/dlnk|. 0.1
3. The non-Gaussian component in primordial density perturbations, as measured by
the non-linear parameter fNL . O(100)
Typical predictions of r, dnS/dlnk and fNL may very well be far too small to be de-
tected at current stage. Since the COBE normalization is typically satisfied by changing
the energy scale of cosmic inflation, so far, the deviation of nS from unity is the only
parameter that discriminates among slow-roll inflationary models. It is not surprising,
therefore, that present data allows a large degeneracy of models. The status is expected
to change dramatically in the near future. With the launch of the PLANCK satellite and
many ground based observations, we will be able to put unprecedented constraints on
dnS/dlnk, fNL and r, offering great opportunities to test the nature of cosmic inflation
scenarios.
If superstring theory is correct, it must provide an inflationary scenario for the early
universe. Furthermore, it should provide a precise and restrictive framework for in-
flationary model building while at the same time, predict distinctive signatures that, if
observed, can be used to support superstring theory. It is along this direction that this
work attempts to address. Here we would like to discuss the possibility of stringy fea-
tures that may show up in a distinctive fashion in the CMB. If the proposal is realized
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in nature, the hope to link superstring theory and cosmological observations may be-
come amazingly realistic, substantially strengthening the test of inflation as well as the
specific string theory realization of inflation.
Imagine our universe is described by a brane world solution in Type IIB string theory.
In this scenario, six of the nine spatial dimensions are dynamically compactified to a
finite size. There are D3-branes (and probably D5- and D7-branes as well) that span our
observable universe. Standard model particles are the lightest open string modes which
must end on branes. The D3-branes are point-like in the six-dimensional compactified
manifold known as the bulk. Closed strings can be everywhere, with the graviton being
the lightest mode.
Based on the brane world scenario, it has become clear that the brane inflationary
scenario is quite natural in string theory [7]. In the early universe, it is easy to imag-
ine additional D3-D¯3 brane pairs around. Here, the inflaton is simply the position of a
mobile brane in the compactified bulk [8, 9], and the inflaton potential comes from the
brane tensions and interactions and various back reaction effects from moduli stabiliza-
tion. In flux compactification in Type IIB string theory, where all closed string moduli
are dynamically stabilized, warped geometry appears naturally in the compactified bulk
as warped throats [10, 11]. In the simple but realistic scenarios, inflation takes place as
D3-branes move up or down a warped throat [12, 13, 14]. Fluctuations that are present
before inflation, such as defects, radiation or matter, will be inflated away. Inflation typi-
cally ends when the D3-branes reach the bottom of a throat and annihilate the D¯3-branes
sitting there. The energy released heats up the universe and starts the hot big bang.
To make the picture more precise, let us start with the 10-dimensional metric for the
throat region of the compactified bulk,
ds2 = h2(r)(−dt2+a(t)2dx2)+h−2(r)g˜mndymdyn (1.2)
Here the cosmic scale factor a(t) is that of an expanding homogeneous isotropic uni-
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verse spanned by the 3-dimensions x, and ym’s are the coordinates along the compact
dimensions in the throat region. We can usually separate ym into radial and angular
coordinates,
g˜mndymdyn = dr2+dΣ2X5 .
The warp factor h(r) and the metric on the extra dimensions g˜mn are inputs to the model.
Warped spaces are natural in string theory models and are useful for flattening potentials
and for generating a hierarchy of scales with the UV at the top (edge) of the throat and
the IR scale at the warped bottom (around r ∼ rA). The best known example suitable
for brane inflation is the N = 1 supersymmetric Klebanov-Strassler (K-S) throat in
type IIB string theory on approximate AdS5×T 1,1 background [15]. For most practical
purposes, especially away from the tip of the throat, we can approximately use the AdS
warp factor
h(r)≈ r
R
, R4 ≡ 4pigsα ′2NA/v (1.3)
Here R sets the AdS radius scale. NA is the total number of background (F5) charge that
generates the warped geometry. In the K-S throat, the warping is sourced by M units
of F3 flux and −K units of H3 flux. We have NA = KM. v is the volume ratio of X5 to
5-sphere (Vol(S5) = pi3). v = 16/27 for the K-S throat. We sketch the throat in Fig.1.1.
String theory suggests not only the metric for this model, but also the appropriate
action for the D3-brane, the Dirac-Born-Infeld (DBI) action [16, 17, 18]. The bosonic
part of the DBI action is given by
SD3 =−T3
∫
d4ξ e−Φ
√
det |Gab+Bab+2piα ′Fab|±µ3
∫ [ 4
∑
p=0
Cp
]
∧Tr
[
e2piα
′F+B
]
where the quantities inside the determinant have been pulled back onto the brane and
the ± is for a brane/anti-brane. In particular, note that the pulled back metric (Gab) will
contain the warp factor. Here Φ is the dilaton field, whose expectation value sets the
string coupling constant gs ≡ e〈Φ〉. Bab is the anti-symmetric tensor and Fab is the world
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Figure 1.1: A cartoon of the throat in the compact extra dimensions. There may in
general be warped throats of a variety of sizes attached to the bulk space. R
sets the scale of the throat, while hA is the warping at the bottom. The D3-
brane moves down the throat, attracted by a D¯3-brane (or a stack of them)
sitting at the bottom. The inflaton φ is related to the brane position r.
volume gauge field. The topological Chern-Simons term contains couplings between the
brane and R-R fields (p-forms) Cp, with p even for type IIB theory. The brane charge µ3
is normalized such that µ3 = gsT3. We use variable ξ and indices {a,b} for coordinates
and quantities on the brane.
We now look at a simplified form of DBI action, which has constant dilaton, vanishing
pullbacks Bab and Fab, and only C4 non-zero (D3-branes are charged under the 4-form
RR field C4). The D3-brane alone in this background is supersymmetric. In addition, the
supergravity equations require that components of C4 on the brane be h4(r)/gs [10]. We
have aligned the D3-brane coordinates with the four dimensional space-time coordinates
so that the world volume determinant becomes
SD3 =−T3
∫
d4x a3(t)h4(r)
(√
1+h−4(r)g˜mn∂µym∂ µyn−1
)
. (1.4)
If we only consider the radial motion of the brane, we have the further simplified single
field action
SD3 =−
∫
d4x a3(t)T (φ)
(√
1+T−1(φ)∂µφ∂ µφ −1
)
(1.5)
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in which we have defined the inflaton field φ and warped tension T (φ)
φ ≡
√
T3 r , T (φ)≡ T3 h4(φ) . (1.6)
We also have the useful relation
T (φ) =
φ4
λ
, λ ≡ T3R4 = NA2pi2 v . (1.7)
If we expand the DBI action (1.5) to leading order in g˜mn∂µym∂ µyn/h4, we get the action
of a canonical scalar field.
SD3 =−12
∫
d4x a3(t)∂µφ∂ µφ
Having derived the action for a single D3-brane, we now turn to the potential terms in
the action. The inflaton potential can in principle be computed from a detailed knowl-
edge of the string theory background (the flux compactification) and is of the form
V (φ) =VF +Vuplift+VDD¯+VBR , (1.8)
The term VF is the contribution from closed string moduli stabilization, and is usually
negative leading to the AdS vauca. In order to realize inflation, we need to uplift the vac-
uum energy to positive value and this is usually done by adding a D¯3-brane to introduce
a positive contribution Vuplift to the total vacuum energy [11]. The interaction term VDD¯
comes from the attraction between the mobile D3-brane and a D¯3-brane sitting natu-
rally at the bottom (small r end) of the throat. VBR represents all the back reactions from
moduli stabilization, which originates from the complications in describing open string
moduli on the close string background. The complete computation of VBR is challeng-
ing, and is not within the scope of this work. We will discuss effective parametrization
of such an effect later.
Combining all the contributions, we can write
V (φ) = 2T3h4A
(
1− 1
NA
r4A
r4
)
+VBR =V0
(
1− V0
4pi2v
1
φ4
)
+VBR (1.9)
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The 1/φ4 term can be most simply understood as the analog of the Coulomb interaction
in the six dimensions transverse to the branes. In the warped geometries considered here,
one brane can be treated as a probe moving in the compact space with a metric perturbed
by the other brane [12]. This explains the factor of 1/NA, since the perturbation due to
a single extra brane should be suppressed by the number of background branes. Note
that the singularity of the Coulomb term is never reached. When the branes are within
the string scale distance, the Coulomb potential is curtailed due to the exchange of the
infinite tower of closed string modes, as well as the emergence of a tachyon mode,
whose rolling signifies the collision and annihilation of the D3-D¯3 brane pair.
We now illustrate how the back reaction term VBR comes into play. Let us look at the
complex Kähler modulus (the overall size) of the Calabi-Yau manifold
ρ ≡ σ + iχ ,
where σ is related to the warped four cycle volume of the Calabi-Yau manifold, and χ
is the associated axion. The Kähler potential is given by
K =−3ln(ρ+ ρ¯) . (1.10)
Following the scheme in Ref.[11], suppose the Kähler modulus is stabilized at the value
σ0, which results in a negative vacuum energy, adding a D¯3-brane will contribute
Vuplift =
2T3h4A
(2σ0)2
(1.11)
and lift the vacuum to de-Sitter.
Now we introduce a mobile D3-brane in the warped throat. The position of the mobile
D3-brane in the six compact dimensions are labeled by three complex coordinates zi
(i = 1,2,3). With the D3-brane in the throat, the Kähler potential is shifted
K →−3ln [ρ+ ρ¯− ck(zi, z¯i)] , k(zi, z¯i) = r2 , c = σ03
T3
M2Pl
. (1.12)
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k(zi, z¯i) is the Kähler potential for the Calabi-Yau manifold. The normalization constant
c is determined in Ref.[19],
For any fixed brane location zi, the Kähler modulus acquires a stabilized value ρ∗(zi).
As the brane moves in the throat, it introduces a perturbation in the warp factor, which
sources a change in the warped four-cycle volume. The location ρ∗ of the instantaneous
minimum changes. We will take the adiabatic approximation [19] that ρ moves to re-
main in the instantaneous minimum. Effectively, we need to shift the stabilized value of
Kähler modulus,
2σ0→ 2σ0−ak(zi, z¯i) = 2σ0− cr2 . (1.13)
Now the uplifting term becomes
Vuplift =
2T3h4A
(2σ0− cr2)2
≈ 2T3h
4
A
(2σ0)2
(
1+
1
3
φ2
M2Pl
)
. (1.14)
The shift in Kähler modulus introduces explicitly a mass term for the inflaton field.
Generically, the Hubble scale is related to the warped brane tension
3M2PlH
2 =
2T3h4A
(2σ0)2
,
the inflaton potential becomes
V (φ) = 3M2PlH
2+H2φ2 .
As is well known, this potential is too steep for slow-roll inflation. The resulting slow-
roll parameter
ηSR ≡M2Pl
Vφφ
V
≈ 2
3
,
while we generically expect ηSR ∼ 0.01 for slow-roll inflation to be viable. The 1%
fine tuning of ηSR is generic in most super-gravity inflation models; it re-emerges in our
scenario through moduli stabilization. In realistic cases, one also has to consider the
φ dependence in the super-potential, and calculating the back reaction term becomes a
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long and cumbersome task [20, 19]. Because of these difficulties, in this work we take
the pragmatic approach of parametrizing the back reaction effects into a parameter β ,
and write the inflaton potential as
V (φ) =
1
2
β H2φ2+V0
(
1− V0
4pi2v
1
φ4
)
. (1.15)
The inflaton dynamics and resulting cosmological predictions are very sensitive to the
value of β . For slow-roll inflation to be viable, we need β ∼ 0.01. If β ∼ 1, one gets
an entirely new scenario, the Dirac-Born-Infeld inflation [13], which has distinctive ob-
servable features such as large primordial non-Gaussian perturbations. Since the value
of β is dictated by the details of compactification, CMB data could reveal to us the
structures of the compactified manifold, a very exciting aspect we will discuss in detail
in the following chapters.
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CHAPTER 2
BRANE INFLATION IN THE WARPED THROAT
2.1 The Homogeneous Background Solutions
In this chapter, we first discuss the dynamics of the classical inflaton field, i.e. the radial
motion of the D3-brane in the warped throat, dictated by the non-linear DBI action.
We then classify the inflaton dynamics into four different scenarios, depending on the
inflaton mass parameter β : the slow-roll scenario, the ultra-relativistic and intermediate
UV-DBI scenario, and the IR-DBI scenario. Details on each scenario will be covered
later in their respective chapters.
We first look at the homogeneous background solution for the inflaton field. Since the
DBI action is highly non-linear, we will adopt the k-inflation formalism [21, 22] to write
the full Einstein-Hilbert action in the form
S =
1
2
∫
d4x
√−g[M2PlR+2P(X ,φ)] , (2.1)
where
X ≡ 1
2
gµν∂µφ ∂νφ .
For brane inflation in the warped throat, we have from Eq.(1.5)
P(X ,φ) =−T (φ)
(√
1− 2X
T (φ)
−1
)
−V (φ) . (2.2)
To reproduce the canonical scalar field action, we can take the limit X  T (φ).
The energy momentum tensor is given by,
Tµν =
−2√−g
δS
δgµν
= P(X ,φ)gµν +PX∂µφ ∂νφ , (2.3)
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where PX ≡ ∂P/∂X . Comparing with the stress tensor of perfect fluid Tµν = pgµν +
(ρ+ p)uµuν , we have
p = P(X ,φ) , ρ = 2X pX − p . (2.4)
A useful parameter is the sound speed cs, which gives the propagation speed of pertur-
bations within the horizon,
c2s ≡
pX
ρX
=
pX
pX +2X pXX
. (2.5)
For the DBI action in particular,
cs =
√
1− φ˙
2
T (φ)
,
is related to the Lorentz factor
γ ≡ 1√
1− φ˙2/T (φ)
=
1
cs
.
In terms of γ , the DBI energy density and pressure now becomes
ρ = T (φ)(γ−1)+V (φ) , p = T (φ)(1− γ−1)−V . (2.6)
In the non-relativistic limit X  T (φ), canonical scalar field is recovered from the DBI
action, so that
ρ =
1
2
φ˙2+V (φ) , p =
1
2
φ˙2−V (φ) , cs ≈ 1 . (2.7)
The homogeneous background equation of motion for DBI inflation takes the form
φ¨ − 3Tφ
2T
φ˙2+Tφ +
3H
γ2
φ˙ +
(
Vφ −Tφ
) 1
γ3
= 0 (2.8)
where a subscript φ denotes derivative with respect to φ .
Using the continuity equation and the Friedmann equation
3H2M2Pl = ρ , ρ˙ = 3H(ρ+ p) . (2.9)
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we get the Hamilton-Jacobi equations for φ˙ and γ ,
φ˙ = −2M
2
Pl
γ(φ)
Hφ , (2.10)
γ(φ) =
√
1+4M4Pl H
2
φ/T (φ) . (2.11)
We now introduce a few frequently used inflationary parameters
ε ≡− H˙
H2
, η ≡ ε˙
Hε
, s≡ c˙s
Hcs
. (2.12)
The usual slow roll parameters defined using the scalar potential can be related easily
εSR ≡ M
2
Pl
2
(
Vφ
V
)2
= ε , ηSR ≡M2Pl
Vφφ
V
=−1
2
η+2ε . (2.13)
As usual,
a¨
a
= H2(1− ε) ,
so inflation happens when ε < 1.
The amount of inflation is usually measures in terms of e-folds Ne,
Ne =
∫
Hdt =
∫ H
φ˙
dφ =
1
2M2Pl
∫ γ H
Hφ
dφ . (2.14)
We note here that a relativistic brane (γ  1) greatly enhanced the number of e-folds.
Intuitively, the DBI action resembles the action of a relativistic particle with speed limit
set by the warped tension T (φ). As the brane moves towards the strong warping end
of the throat, T (φ) decreases and therefore put a strong upper bound on the velocity of
the brane. The inflaton has to move slow due to the speed limit, greatly enhancing the
number of e-folds generated even if the scalar potential is steep. This is the main reason
why DBI effect may help solve the η problem discussed in Chapter 1.1.
As we have seen earlier, the inflaton potential is of the form
V (φ) =
1
2
βH2φ2+V0+VDD¯+ . . . . (2.15)
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Overall, there are four scenarios depending on the value of β , three for a D3-brane
moving down a throat and one for a D3-brane coming out of a throat. We will use “UV-
DBI” for the scenario when the brane moves into the throat and generates most of the
inflationary e-folds at the ultra-violet end of the throat. Similarly, we use “IR-DBI” for
the scenario with the brane moving out of the throat and generating inflationary e-folds
at the infrared end. The IR-DBI scenario requires an run-away potential with β < 0.
1. β  1, γ ' 1, the slow-roll case. The m2 = 0 case is studied in Ref.[12] and the
more general small m2 case is studied in Ref.[23, 24], where it was found that β <
0.05; that is, the range 0.05. β . 0.2 is ruled out. One can adjust the parameter
β to fit the power spectrum index; for small β , nS ∼ 0.98+β , the tensor to scalar
ratio log(r)∼−8.8+60β , and the cosmic string tension log(Gµ)∼−9.4+30β .
The non-Gaussianity and tensor mode produced are both negligible. Since it is a
slow-roll model, the running of spectral index is small. This scenario is very hard
to be distinguished from field theory models.
2. β ∼ 1, the intermediate UV-DBI scenario. Typically γ ' 1 during inflation, but
increases to a large value towards the end of inflation. This scenario is not easily
studied analytically and is more suited to numerical integration. The intermediate
regime offers the best hope of a large tensor mode that has a tensor power index
nt different from that predicted by the slow-roll scenario [25]. However, we will
find in Chapter 2.3 that the tensor to scalar ratio r is strongly constrained by a field
range bound from compactification, and therefore turns out negligibly small.
3. β  1, the ultra-relativistic UV-DBI scenario, where γ  1 throughout. This re-
gion typically has large distinctive non-Gaussianity [26, 22]. The non-Gaussianity
parameter fNL ∼−0.32γ2 increases towards the end of inflation, leading to more
non-Gaussian perturbations on small scales than on large scales. In fact, the
amount of non-Gaussianity produced is too large to fall within the current ob-
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servational bound, so that this scenario is not much favored by data now [27].
4. β < 0, the IR-DBI scenario, where γ  1 during the initial stage of inflation,
when the brane is deep in the IR end of the throat, and γ ∼ 1 when the brane
exits from the UV end into the bulk. This scenario is realized in a multi-throat
compactification [14, 28] which we will discuss in detail in Chapter 2.4. The
IR-DBI scenario also predicts large non-Gaussianity (−0.32γ2) with the same
shape as in the UV model. The difference is the running. Since γ decrease during
inflation, it will lead to more non-Gaussianities on larger scales than on small
scales in the CMB sky. The power spectrum index undergoes an interesting phase
transition, from red-tilted (nS−1≈−4/Ne) at small scales to blue-tilted (nS−1∼
4/Ne) at large scales [28, 29]. If such a transition falls into the observable range
of WMAP/PLANCK, it predicts a large negative dnS/dlnk. Details about the
IR-DBI scenario will be presented in Chapter 2.4.
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2.2 The Primordial Perturbations in General
Before we discuss different scenarios of brane inflation, we would like to review the
cosmological observables that link cosmic inflaton models to observations in general.
The most common observables are the amplitude of scalar perturbations AS, the scalar
spectral index nS, the running of the scalar spectral index dnS/dlnk, the tensor to scalar
ration r, the tensor spectral index nT and the primordial non-Gaussianity parameter fNL.
We will discuss them one by one in this chapter.
2.2.1 The Scalar Perturbations
During inflation, the inflaton field can be decomposed into its homogeneous rolling
background φ(t) and the fluctuations δφ ,
φ(x, t) = φ(t)+δφ(x, t) ,
where δφ owes its origin to quantum fluctuations.
Through Einstein’s equation, the inflaton perturbation sources the metric fluctuation,
which, in the Newtonian gauge, can be written as
ds2 =−(1−2Φ)dt2+a(t)2(1+2Φ)dx2 (2.16)
with Φ the curvature perturbation, and Newtonian potential is −Φ in this gauge.
The curvature perturbation on a constant energy density slice is given by the linear
combination
ζ (x, t) =Φ(x, t)− H
ρ˙
δρ(x, t) . (2.17)
This variable is gauge invariant and therefore corresponds to a physical observable. Fur-
thermore, ζ is conserved once it exits the horizon during inflation, providing the link
between primordial physics and the temperature fluctuation in the cosmic microwave
background radiation.
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Another useful gauge invariant variable is the comoving curvature perturbationR,
R(x, t) =−Φ(x, t)+ H
φ˙
δφ(x, t) (2.18)
On super-horizon scales, one can show that ζ andR differ only by a minus sign
ζ =−R . (2.19)
We will use ζ exclusively in the following discussions.
The evolution of perturbation ζ is dictated by the quadratic terms in the perturbed
Einstein-Hilbert action [22],
S2 =
∫
dτ d3x
a2ε
c2s
[
ζ ′2− c2s (∂ζ )2
]
(2.20)
where τ is the conformal time dt = adτ . This action can be put into canonical form by
introducing the Sasaki-Mukhanov variable v(τ,x),
v≡ zζ , z≡ a
cs
√
2εMPl . (2.21)
In terms of v, the action becomes that of a free canonical scalar field
S2 =
1
2
∫
dτd3x
[
v′2− c2s (∂v)2+
z′′
z
v2
]
, (2.22)
The equation of motion is
v′′k +
(
c2s k
2− z
′′
z
)
vk = 0 , (2.23)
where vk is the Fourier mode of v(τ,x)
v(τ,x) =
∫ dk3
(2pi)3
eik·x
[
vk(τ,k)a(k)+ v∗k(τ,−k)a†(−k)
]
Using the inflationary parameters defined in Eq.(2.12), we can expand z′′/z,
z′′
z
= 2a2H2
(
1− ε
2
+
3η
4
− 3s
2
− εη
4
+
εs
2
+
η2
8
− ηs
2
+
s2
2
+
η˙
4H
− s˙
2H
)
. (2.24)
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In most simple cases, when not only ε , η , s, but also their time variations on Hubble
scale, remain much smaller than 1,
z′′
z
≈ a2H2
(
2− ε+ 3η
2
−3s
)
, (2.25)
To solve Eq.(2.23), we perform a change of variable to y ≡ csk/(aH), and rewrite
Eq.(2.23) as
(1−2ε−2s)d
2vk
dy2
− s
y
dvk
dy
+
[
1− 1
y2
(
2− ε+ 3η
2
−3s
)]
vk = 0 , (2.26)
with its solution given by
vk = y(1+s)/2
[
C1H
(1)
ν ((1+ ε+ s)y)+C2H
(2)
ν ((1+ ε+ s)y)
]
, (2.27)
ν =
3
2
+ ε+
η
2
+
s
2
.
For modes outside of horizon (y→ 0) and deep inside horizon (y 1), the Hankel
function asymptotes
H(1,2)ν (y→ 0) ∼ ±i
√
2
pi
Γ(ν)
Γ(32)
2ν−3/2 y−ν ,
H(1,2)ν (y 1) ∼
√
2
piy
exp
[
±i
(
y− νpi
2
− pi
4
)]
,
with “+” sign for H(1)ν and “−” sign for H(2)ν .
On the other hand, the solution for modes deep inside the horizon (corresponding to
the Bunch-Davies vacuum) can be obtained under the adiabatic approximation,
vk ≈ 1√2csk
exp
[
−i
∫
csk dτ
]
=
1√
2csk
exp [iy(1+ ε+ s)] , (y 1) , (2.28)
where we have used dy =−csk(1− ε− s)dτ .
Matching Eq.(2.27) and Eq.(2.28) in the y 1 limit, we determine that
C2 = 0 , C1 =
√
pi y−s/2
2
√
csk
√
1+ ε+ s ei(piν/2+pi/4) .
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When the perturbation mode exits the horizon, we take the asymptotic limit y→ 0,∣∣∣∣vkz
∣∣∣∣
y→0
=
H
2
√
csεMPl
y3/2−ν
k3/2
(1+ ε+ s)1/2−ν
Γ(ν)
Γ(32)
2ν−3/2 (2.29)
Now the primordial power spectrum is defined by
〈ζ (k)ζ (k′)〉= 2pi
2
k3
Pζ (k)(2pi)3δ (k−k′) (2.30)
from which we get
Pζ (k) =
k3
2pi2
∣∣∣∣vkz
∣∣∣∣2
y→0
≈ H
2
8pi2 M2Pl csε
(1−2(C +1)ε− (2+C )s−Cη)
(
csk
aH
)3−2ν
. (2.31)
Here C = γ− ln2−2≈−0.73, with γ = 0.577 . . . the Euler constant.
The power spectrum is usually parametrized by the power law
Pζ (k) = AS
(
k
k0
)nS−1
,
comparing with the result Eq.(2.31), we have
AS =
H2
8pi2 M2Pl csε
(1−2(C +1)ε− (2+C )s−Cη) , (2.32)
nS−1 ≡
dlnPζ
dlnk
≈ −2ε−η− s+O(ε2) (2.33)
We have used the relations k = aH/cs at horizon crossing, so that
d lnk
dNe
= 1− ε− s , (2.34)
d
dlnk
=
dNe
dlnk
d
dNe
≈ (1+ ε+ s) d
dNe
. (2.35)
The running of the spectral index
dns
dlnk
≈−2η− η˙
Hη
− s˙
Hs
+O(ε2) . (2.36)
Current observations of WMAP5+BAO+SN [4] gives AS = (2.445± 0.096)× 10−9,
nS = 0.960±0.013 at k = 0.002Mpc−1. The running of the spectral index is not signifi-
cant, the current data from WMAP5+ACBAR08 [4] imply dnS/dlnk =−0.035+0.024−0.025 at
k = 0.002Mpc−1.
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2.2.2 The Tensor Perturbations
In addition to scalar perturbations, metric perturbations also contains symmetric trace-
less tensor degrees of freedom hi j in the form
ds2 =−dt2+a2(t)(δi j +hi j)dxidx j , ∂ ihi j = 0 , hii = 0 .
Unlike scalar perturbations, tensor perturbations are gauge invariant by themselves at
linear order. The quadratic action for tensor mode is
ST 2 =
M2Pl
8
∫
dτd3x a2 ∂µhi j ∂ µhi j , (2.37)
by changing to the variable
vλ ≡
MPl
2
ahi j e
i j
λ , e
λ
i je
i j
λ ′ = δ
λ
λ ′ ,
where eλi j (λ =±) labels the polarization state, we get a canonical action
ST 2 =
1
2
∫
dτd3x
[
v′2λ − (∂vλ )2+
a′′
a
v2λ
]
. (2.38)
The tensor mode equation of motion reads
v′′λ (k,τ)+
(
k2− a
′′
a
)
vλ (k,τ) = 0 . (2.39)
It can be easily solved to give∣∣∣vλ
a
∣∣∣= H√
2k3
Γ(ν)
Γ(32)
2ν−3/2 (1+ ε)1/2−ν
(
k
aH
)−ε
, ν ≈ 3
2
+ ε (2.40)
which leads to the tensor power spectrum
Ph(k) =
k3
2pi2 ∑λ
4
M2Pl
∣∣∣vλ
a
∣∣∣2 = 2pi2 H2M2Pl [1−2(1+C )ε]
(
k
aH
)−2ε
. (2.41)
Similar to the scalar power spectrum, the tensor power spectrum is parametrized by
Ph = AT
(
k
k0
)nT
. (2.42)
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Therefore, we have
AT =
2
pi2
H2
M2Pl
[1−2(1+C )ε] , (2.43)
nT ≡ dlnPhdlnk =
−2ε
1− ε− s . (2.44)
A useful parameter relevant for observation is the tensor to scalar ratio r,
r ≡ AT
AS
≈ 16εcs . (2.45)
The current observation bound on the tensor scalar ratio is r . 0.22 (95% C.L.) from
a combined analysis of WMAP5+BAO+SN data [4]. Note that there is a parameter
degeneracy between nS and r. Since tensor perturbations decays on sub-horizon scales,
a large tensor contribution implies a relatively blue-tilted scalar power spectrum.
Measurement of the tensor to scalar ratio can pin down the energy scale of inflation.
Using Eq.(2.32) and Eq.(2.45), we can write
AS =
2
pi2
H2
M2Pl
1
r
⇒ H
MPl
= pi
√
AS r
2
Therefore the current bound AS ∼ 10−9, r . 0.22 gives
H
MPl
. 10−5 . (2.46)
The Hubble scale during inflation is . 1013 GeV.
Note that for slow-roll inflation cs = 1, we have the consistency relation
nT =− r8
(
1
1− ε
)
, (2.47)
while for the DBI scenario, we have
nT =− r8
(
γ
1− ε− s
)
. (2.48)
With cs < 1 in the DBI case, the slope of the nT − r relation is a factor of γ larger than
in the slow-roll case. This suggests a key way to distinguish slow-roll inflation from the
DBI scenario.
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2.2.3 Primordial non-Gaussianities
So far, we have been discussing the two-point correlation functions of the primordial
perturbations, which is the most well know observable based on current observations.
In the near future, with the launch of PLANCK, we expect to test higher order (3-pt,
4-pt) correlation functions for the primordial perturbations, which will provide a much
more powerful discriminator on inflationary models.
The temperature anisotropies in the CMB sky are related to the curvature perturbation
Φ(x) in the matter domination era, which can be expanded to non-linear order,
Φ(x) =ΦL(x)+ fNL
[
Φ2L(x)−
〈
Φ2L(x)
〉]
.
Φ in the matter dominated era is related to the primordial perturbation through
Φ=
3
5
ζ ,
so we have
ζ = ζL+
3
5
fNL
[
ζ 2L−
〈
ζ 2L
〉]
. (2.49)
The sign convention for fNL used here follows Komatsu & Spergel [30] and differs from
Maldecena’s convention [31] by a minus sign.
Since ∆T/T ∼−Φ/3, a positive fNL will make the temperature fluctuation negatively
skewed, one will see more cold spots on the temperature map. This is a physical effect,
independent of conventions.
In Fourier space,
ζL(x) =
∫ d3k
(2pi)3
ζL(k)eik·x ,
so that
ζ (k) = ζL(k)+
3
5
fNLζNL(k) ,
ζNL(k) ≡
∫ d3q
(2pi)3
ζL(q+k)ζL(−q)− (2pi)3δ (k)
〈
ζ 2L(x)
〉
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A non-vanishing component in the 3-pt correlation function will be
〈ζ (k1)ζ (k2)ζ (k3)〉= 35 fNL [〈ζNL(k1)ζL(k2)ζL(k3)〉+ perm.] .
After some rearrangement, we get
〈ζ (k1)ζ (k2)ζ (k3)〉= (2pi)7
(
3
10
fNL
)(
Pζ (k2)
k32
Pζ (k3)
k33
+ perm.
)
δ (∑ki) (2.50)
From the theoretical side, computing the correlation function 〈ζ 3〉 usually gives fNL
as a function of the three momentum, i.e., fNL(k1,k2,k3). So the value of fNL depends
on the shape of the momentum triangle. In the limit that one of the momentum goes to
zero, say k1→ 0, one gets a squeezed triangle. We define the local form fNL,
f localNL ≡ limk1→0 fNL(k1,k2,k3) . (2.51)
Another commonly use shape is the equilateral triangle with k1 = k2 = k3, we define the
equilateral non-linear parameter
f equilNL ≡ fNL(k1,k2,k3)
∣∣∣
k1=k2=k3
. (2.52)
The current observational bound from WMAP5 is −9 < f localNL < 111 (95% C.L.) and
−151 < f equilNL < 253 (95% C.L.) [4]. In the near future, the PLANCK satellite is ex-
pected to constrain f localNL . 6 (95% C.L.) [32]. And Large-Scale Structure (LSS) mea-
surements can achieve f localNL . 7, f
equil
NL . 90 (95% C.L.) [33].
To evaluate the 3-pt function, one needs to expand the action to cubic terms [31, 22],
which to leading order is
S3 =
∫
dτd3x
{
−a(Σ(1− c−2s )+2λ) ζ ′3H3 + a2εc4s (ε−3+3c2s )ζζ ′2
+
a2ε
c2s
(ε−2s+1− c2s )ζ (∂ζ )2−2a
ε
c2s
ζ ′(∂ζ )(∂χ)+ . . .
}
, (2.53)
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where the variables λ , Σ and χ are defined by
λ ≡ X2PXX + 23X
3PXXX , (2.54)
Σ ≡ XPX +2X2PXX , (2.55)
∂ 2χ = a
ε
c2s
ζ ′ . (2.56)
The standard method to compute 〈ζ 3〉 is the In-In formalism [31], where we treat the
quadratic action (2.22) as the free Lagrangian, and the cubic actions (2.53) as perturba-
tive interactions.
〈ζ (τ,k1)ζ (τ,k2)ζ (τ,k3)〉=−i
∫ τ
τ0
dτ ′〈[ζ (τ,k1)ζ (τ,k2)ζ (τ,k3),Hint(τ ′)]〉 , (2.57)
Slow-roll inflation based on canonical single scalar field produce fNL ∼O(ε,η) [31],
and non-linear gravitational corrections after inflation contribute fNL∼O(1). Detection
of primordial non-Gaussianity at the level fNL  1 certainly rules out most canonical
single field slow-roll models.
Scalar field with a non-canonical kinetic term generally produce large non-Gaussianity
of the equilateral shape [22]. The result can be summarized as
f equilNL =−
35
108
(
c−2s −1
)
+
5
81
(
c−2s −1−
2λ
Σ
)
. (2.58)
We note that the DBI action (2.2), in particular, gives
2λ
Σ
= c−2s −1 , (2.59)
so that the second term in Eq.(2.58) is zero. Therefore for DBI inflation
f equilNL =−
35
108
(
c−2s −1
)≈−1
3
c−2s . (2.60)
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2.3 The Ultraviolet Dirac-Born-Infeld Scenario
In this chapter, we study the UV-DBI scenario in detail [34]. We will see that the obser-
vational bound on primordial non-Gaussianity and the theoretical bound on the inflaton
field range from string compactification put a tight constraint on the model, ruling out
the ultra-relativistic regime. Detailed comparison with cosmological observations will
be discussed.
2.3.1 Impact of Warp Factor: The Klebanov-Strassler Throat
The power spectrum index is sensitive to the deformation of the throat once we are away
from the slow-roll region, and as such the precise shape of the throat, i.e., the warped
geometry and the deformation can be measured using observations [35]. For this reason
we discuss the warped throat in some detail here.
Consider two different approximate ways to incorporate the deformation of the warped
conifold, namely the AdS and the mass gap cases for which the warped D3-brane tension
is given by:
TAdS(φ) =
φ4
λ
, φ ≥ φA , (2.61)
Tmg(φ) =
(φ2+b2)2
λ
, φ ≥ 0 (2.62)
We expect φA ' b, so away from the bottom of the throat, for large φ , we expect little
difference in physics. However, in Ref.[25], we find nS−1 is slightly positive (∼ ε2/γ)
while in the second case, Ref.[36] finds that the spectrum has a red tilt. This difference
appears in the DBI region. We expect a small (hopefully observable) effect of the warp
factor in the large mass region. (The warp factor drops out in the slow-roll region.)
This means nS and its running will tell us about the shape of the throat, an exciting
prospect. Note that the location and size of the 4-cycles in the bulk (partially) measures
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the inflaton mass [20]. So we really can learn a lot about the compactification geometry
from the CMB.
Now we have to consider the geometry of the throat more carefully. Although there
is a wide class of possible geometries, we only know the full metric of the Klebanov-
Strassler (K-S) throat. So let us consider this case. Consider the 10-dimensional metric
(1.2),
ds2 = h2(r)(−dt2+a2(t)dx2)+h−2(r)(dr2+ r2dΣ2T11)
= h2(τ)(−dt2+a2(t)dx2)+h−2(τ)
(
ε4/3
6K2(τ)
dτ2+ . . .
)
(2.63)
(here, ε is the deformation parameter, not the inflationary parameter) where
K(τ) =
(sinh(2τ)−2τ )1/3
21/3 sinhτ
(2.64)
Unless we want to study the iso-curvature density perturbations, we shall ignore the
shape encoded in dΣ2T11 . The warp factor h(τ) is given by the following integral expres-
sion [15]
h−4(τ) = 22/3 (gsMα ′)2 ε−8/3 I(τ) , (2.65)
I(τ)≡
∫ ∞
τ
d x
xcoth x−1
sinh2 x
(sinh(2x)−2x)1/3 . (2.66)
where M is a parameter characterizing the background flux. Both K(τ) and I(τ) are
well-behaved functions of τ:
K(τ → 0)→ (2/3)1/3(1+ τ
2
30
+ ...), K(τ → ∞)→ 21/3 e−τ/3
I(τ → 0)→ a0+O(τ2), I(τ → ∞)→ 3 .2−1/3
(
τ− 1
4
)
e−4τ/3 (2.67)
where a0 ∼ 0.71805. Here we take ε2/3 to have dimension of length. So we have
h(r) = h(τ)
dr =
ε2/3√
6K(τ)
dτ (2.68)
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Integrating this equation gives the relation between τ and the throat radial coordinate r,
r− r0 = 125/631/6 ε
2/3τ
(
1+
τ2
18
+ ...
)
(2.69)
From the explicit expressions in terms of τ , we can obtain h(r) or T (φ). For large τ , its
relation to the radial coordinate r is given by
r2 ' 3
25/3
ε4/3e2τ/3 (2.70)
In the limit ε → 0, finite r implies τ → ∞, so the metric of the compact dimensions is
ds26→ dr2+ r2dΣ2T11 (2.71)
which is simply the conifold metric. At τ = 0, we have hA = h(r0) = r0/R and
h2(r0) = h2(τ = 0) =
c0
gsM
ε4/3
α ′
= exp
(
− 4piK
3gsM
)
(2.72)
where c0 = 1/(21/3
√
a0), so
r20 =
c0
gsM
(
ε4/3
α ′
)
R2 (2.73)
where R is given in Eq.(1.3). NA = KM, with K and M the H3 and F3 flux numbers.
The edge of the throat is glued smoothly to the bulk of the generalized Calabi-Yau
manifold. The bulk of the Calabi-Yau manifold is defined to have no significant warping,
so that the warp factor in the bulk is essentially of order unity. Suppose τc is the point
where the throat is glued to the bulk. We may estimate τc using (2.69):
R− r0 ≈ ε
2/3
√
6
∫ τc
0
1
K(τ)
dτ ≈ ε
2/3
√
6
∫ τc
0
1
21/3e−τ/3
dτ
eτc/3 ≈ (R− r0)ε−2/3 2
1/3
√
6
3
+1 (2.74)
as long as τc 1, which is true for reasonable parameter values. This expression agrees
well with the numerical value for which h(τc) = 1.
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Figure 2.1: Comparison of the various warp factor expressions. The solid (red) line is the full
warped deformed conifold expression. The long dashed (green) line is the AdS
warp factor. The dot-dashed (dark blue) is the log-corrected expression, and the
short-dashed (light blue) is the mass-gap. For this plot NA = 106, M = 4000. The
vertical black line indicates τE , where the tachyon develops and inflation ends.
The relation between τc, ε and ls is important to impose the constraint that the throat
must fit inside the bulk. The physical size of the throat is given by
l = 6−1/2 ε2/3
∫ τc
0
dτ
h1/4(τ)
K(τ)
∼
√
gsM ls τc (2.75)
We must require that l <V 1/66 , where V6 is the volume of the compactification.
Which approximate warp factor is closer to the actual solution depends on details
of how the throat is cut-off. To illustrate this point, we show numerical examples of
the various expressions for the warp factor in Figures 2.1 and 2.2. Note that when
M >
√
NA, the mass-gap formula is much more accurate than the AdS expression. In
particular, the AdS warp factor indicates a throat that is much too short (the point where
the throat connects to the bulk is when h(τc) = 1). However, when M <
√
NA, the mass-
gap expression is actually too flat and the AdS expression is more accurate. This is
especially true for small NA, where the slope of the full solution changes considerably
in one warped string length. For completeness, we also plot the log-corrected solution
(see [15]), although we do not use it in our analysis since it deviates strongly from the
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Figure 2.2: As in Figure 2.1 showing warp factors for (top panels) NA = 106, M = 800 and
(bottom panels) NA = 102, M = 10. The right hand panels show a zoomed in region.
The vertical black line indicates τE , where the tachyon develops and inflation ends.
actual K-S solution at small τ .
One can understand these results by examining the initial slopes of the various ex-
pressions, accounting for the change of coordinates between r and τ in the small τ limit.
The important constant in the AdS and mass-gap expressions is r0/ε2/3∼ (
√
NA/M)1/2.
If this constant is large, the slope of the mass-gap expression decreases and that warp
factor flattens out, while the AdS expression is less negative. If the constant is small, the
AdS case has a very large negative slope initially, while the mass-gap case has a stronger
τ dependence.
2.3.2 The Ultra-Relativistic and Intermediate Regime
In the large γ case, the inflaton mass m is relatively big and one may neglect the other
two terms in the potential (1.15). Let us take the AdS warp factor, T (φ) = φ4/λ . In
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the ultra-relativistic regime (γ  1), the inflaton speed is essentially close to the speed
limit, we therefore have
φ˙ =
√
T (φ) =
φ2√
λ
, (2.76)
From Eq.(4.34) and Eq.(4.35), we further have
γ(φ) = 2M2Pl Hφ
√
λ
φ2
, (2.77)
φ˙ =
−2M2PlHφ
γ(φ)
. (2.78)
The set of equations can be solved by
H(φ) = cφ , c≈ m√
6MPl
, (2.79)
from which we find a useful relation
ε =− H˙
H2
=−Hφ φ˙
H2
=
2
γ
(
MPl
φ
)2
(2.80)
One also note that ε is a constant for ultra-relativistic motion of the brane
ε =
1
c
√
λ
. (2.81)
In string theory, the reduced Planck mass MPl is related to the (warped) volume V6 of
the 6-dimensional bulk via
M2Pl ∼ g−2s m−8s V6 , (2.82)
Since the throat is glued to the bulk, its size R is restricted,
R6 .V6 . (2.83)
The position of the D3-brane cannot be physically larger than the largest dimension of
the compactified bulk. Therefore, we have
√
T3R.
√
T3V
1/6
6 . (2.84)
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Using the relation R4 ∼ gsNAm−4s and T3 ∼ g−1s m−4s , we get a tight constraint,
√
T3R
MPl
. 1√
NA
. (2.85)
A more rigorous analysis has been done by Baumann and McAllister [27] for the K-S
throat, where they find
φ
MPl
<
√
4
NA
. (2.86)
Now using the bound (2.86) together with the relation (2.80), we see that
NA .
2ε
cs
≈ −3
8
f equilNL r . (2.87)
We have used the relation r = 16csε and f
equil
NL ≈−c−2s /3. Now using the current obser-
vational bounds r ≤ 0.22, −151 < f equilNL < 253, we have
NA ≤ 13 . (2.88)
So current observational bounds on tensor mode and non-Gaussianity severely con-
strains the amount of five-form flux for ultra-relativistic UV-DBI inflation with quadratic
potential.
We now look at the constraints from the primordial power spectrum. Using Eq.(2.77)
and H = cφ , we get
c =
γ
2M2Pl
φ2√
λ
. (2.89)
Using λ = N/(2pi2v), we have
H2
M2Pl
=
4pi2csv
NAε2
, (2.90)
Therefore, the primordial power spectrum
Pζ =
H2
8pi2M2Plε cs
=
v
2NAε4
=
215
9
−v
NA r4( f
equil
NL )2
∼ 10−9 . (2.91)
Plugging the current bound on r and fNL, we get
NA & 1011 v . (2.92)
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In most cases, v ∼ 1, so the bound (2.88) and (2.92) are apparently incompatible. To
keep the amplitude of primordial perturbations small, we need a huge amount of F5 flux,
which will make the field range φ/MPl extremely small. Since the vacuum energy for
inflation is provided by the quadratic term in the potential, we need a big mass parameter
to provide sufficient amount of inflation; this is the origin of the over-production of non-
Gaussianity. As we shall see, consistent with this discussion, when combined with data,
imposing the bulk volume bound (2.86) would rule out the region of the parameter space
with large γ (and large non-Gaussianity).
While we have analytic solutions for the ultra-relativistic regime, the intermediate
regime with β ∼ 1 is much harder to solve and we will need to numerically solve the set
of Hamilton-Jacobi equations
3M2PlH
2 = V (φ)+T (φ)(γ−1) , (2.93)
φ˙ = −2M
2
Pl
γ(φ)
Hφ , (2.94)
γ(φ) =
√
1+4M4Pl H
2
φ/T (φ) . (2.95)
Here V (φ) takes the full form in Eq.(1.15)
V (φ) =
1
2
β H2φ2+V0
(
1− V0
4pi2v
1
φ4
)
, (2.96)
The constant term V0 may become comparable to the φ2 terms and cannot be neglected.
To numerically integrate Eq.(2.93) through Eq.(2.95), one needs to specify initial con-
ditions φi and γi. We choose φi =
√
T3R, the edge of the throat, and choose γi ≈ 1. It is
much more convenient to use e-fold as time, so we may rewrite Eq.(2.94) as
dφ
dNe
=−2M
2
Pl
γ(φ)
Hφ
H
. (2.97)
For the DBI scenario, ε is suppressed by 1/γ and almost never grow larger than 1
at the end of inflation. In fact, in the DBI scenario, inflation ends by DD¯ annihilation,
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which happens when the proper distance between DD¯ pairs is at the string scale
√
α ′.
Using the metric (1.2), the proper distance between the branes is
∫
ds =
∫ dr
h(r)
. (2.98)
For the AdS warp factor (2.61),
φE = φA exp
(√
α ′/R
)
(2.99)
For the mass-gap warp factor (2.62) ,
φE = b sinh
(√
α ′/R
)
. (2.100)
The result of our numerical integration is H(Ne), Hφ (Ne), γ(Ne) and φ(Ne). We then
calculate the observables such as Pζ (Ne). To relate Ne to today’s observable scale k, we
need the horizon crossing relation csk = aH, which gives
Ne = 65− ln k
0.002Mpc−1
+ ln
H c−1s
Treheat
. (2.101)
In our calculating, we assume 100% efficiency in converting the inflaton energy into
radiation at the end of inflation.
Having Pζ (k) at hand, we can use cosmological data to constrain the model. This will
be the topic of the next chapter.
2.3.3 The Phase Diagram for UV-DBI Inflation
In this chapter, we draw the phase diagram of UV-DBI inflation in terms of two param-
eters: the inflaton position φ and the inflaton mass m. We use this diagram to show the
condition under which slow-roll, intermediate and relativistic dynamics happen.
Consider the potential (ignoring the Coulomb term)
V (φ) =V0+
1
2
m2φ2+ . . . , (2.102)
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where V0 = 2nAh4AT3 are provided by nA antibranes at the end of the A throat, which
eventually get annihilated by the same number of branes.
If the flatness of the potential V (φ) satisfies the slow-roll conditions, the branes can
slowly roll non-relativistically and the kinetic term of the brane DBI action reduces to
the minimal non-relativistic form. To indicate this condition in the phase diagram, we
draw a curve of
ηSR ≡M2Pl
Vφφ
V
= 1
which is
φ2 = 2M2Pl−
2V0
m2
, (2.103)
where we neglected the Coulomb potential term for simplicity. Eq. (2.103) corresponds
to the solid line stretching from the lower-left (at m =
√
V0/MPl) to upper-right (at φ =
√
2MPl) in Fig. 2.3. Inclusion of the Coulomb term will cause a slight deformation at
the lower-left corner of this curve and will not affect our conclusion. The shaded region
above and to the left of this curve has ηSR < 1, and corresponds to the slow-roll inflation
phase; here the condition εSR < 1 is always weaker. The lower-left shaded region is the
small-field slow-roll region where the potential is dominated by the constant V0. As φ
increases toward the upper part of the shaded region, it corresponds to large-field slow-
roll inflation where the potential is dominated by m2φ2 term. Note that in this region φ
is trans-Planckian, φ >
√
2MPl.
Outside of this slow-roll region, naively the inflaton will roll down the potential very
fast and make inflation impossible. However because of the presence of the warped
space, the velocity of the inflaton is bounded by the warped speed of light and therefore
cannot be arbitrarily increased. Based on Eq.(2.81), if
mMPl/
√
λA , (2.104)
we will have DBI inflation [13], in which the full form the DBI kinetic term has to
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Figure 2.3: The inflation phase diagram for UV models. The shaded regions correspond to
parameter space that can give rise to inflation. The darker the region is, the larger
e-folds it can provide. “S.R.” stands for slow-roll inflation; “DBI” stands for DBI
inflation. The arrows indicate the starting point and rolling direction of the inflaton.
In brane inflation, inflatons have to stay below the horizontal solid line (at φA =
RA
√
nAT3); the two vertical lines (at m =
√
V0/MPl and m = MPl/
√
λA) are widely
separated. The curve stretching from m =
√
V0/MPl to φA =
√
2MPl corresponds to
ηV = β/3 = 1. See text for discussion.
be taken into account. We indicate this condition by the solid vertical line (at m =
MPl/
√
λA) in Fig. 2.3 and the DBI inflation phase by the shaded region to the right.
There are two possible regions where these two phases merge onto each other: when
the inflaton in the DBI phase starts from a Planckian value (the upper-right corner of
Fig. 2.3), the inflation can go continuously from slow-roll to DBI; when
√
V0/MPl ∼
MPl/
√
λA so the two vertical lines in Fig. 2.3 become very close to each other or even
switch places, the inflaton around this border will trigger an inflationary phase that lies
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in-between the slow-roll and DBI regimes. These are the “intermediate regions”.
However, so far we have been discussing an effective field theory description where
one is allowed to independently choose the throat charge NA, fundamental string mass
ms and the inflaton field range φ . In a realistic string compactification, the inflaton brane
separation is restricted by
φ . RA
√
nAT3 , or φ . L
√
nAT3 , (2.105)
for nA branes moving in the throat or the bulk respectively. Here L is the size of the
bulk in a certain dimension. For our phase diagram, the geometric constraints (2.82)
and (2.83) imply
√
V0
MPl
/
MPl√
λA
. nAh
2
A
NA
 1 , (2.106)
and
RA
√
nAT3
MPl
.
√
nA√
NA
 1 . (2.107)
Thus the two vertical solid lines (at m =
√
V0/MPl and m = MPl/
√
λA respectively)
in Fig. 2.3 should be widely separated; the inflaton can only move below the horizontal
solid line (at φ = RA
√
nAT3) which is well below φ =
√
2MPl. This excludes the large
field models where φ &MPl, and opens up a wide region in the middle of the parameter
space where there is no inflation. This is also why the tensor mode in brane inflation is
unobservable [27]. Consistent with this discussion, in the next chapter, we will see that
the parameter space for the intermediate regime becomes tiny once we impose the bulk
volume bound. In Chapter 3.2, we will see that it also exclude the stochastic eternal
inflation in slow-roll scenario [37].
2.3.4 Comparison with Cosmological Observations
In the previous chapter we outlined how the initial spectrum of scalar and tensor pertur-
bations arising from brane inflation can be characterized in terms of six parameters: the
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inflaton mass m, background charge NA, minimum warping hA = h(φA), the volume ra-
tio parameter v in (1.3), string length
√
α ′, and the string coupling gs. To compare with
observations we consider the predicted spectrum normalization, AS, scalar and tensor
spectral indexes, nS and nT , and tensor to scalar ratio r, all evaluated at a near-horizon
physical scale kpivot = 0.002Mpc−1.
For the following numerical analyses, unless otherwise stated, we fix the string cou-
pling gs = 0.1 and length α ′M2Pl = 1000. We investigate the constraints on the remaining
four parameters {NA, v, hA, m2}, and the slow-roll, intermediate and ultra-relativistic
regimes outlined in chapter 2.1. We generate Monte Carlo selected brane inflation mod-
els, obtained using a flat prior on {logNA, logv, logm2, AS} and finding hA to give the
required value of AS(kpivot).
We compare the model parameters, for both the AdS and mass-gap geometries, to
observational limits on the amplitude, spectral index, tensor-to-scalar ratio for the ini-
tial power spectra from the WMAP CMB data [38, 39, 40, 41], SDSS LRG matter
power spectrum data[42] and SNLS supernovae [43]. We use the publicly available
cosmomc code [44] to perform a Monte Carlo Markov Chain analysis for a ΛCDM
cosmological scenario, assuming flat priors on the following set of cosmological param-
eters: the physical baryon and cold dark matter densities, ωb = Ωbh2 and ωc = Ωch2
(where h is the reduced Hubble constant h = H0/100), the ratio of the sound horizon
to the angular diameter distance at decoupling, θs, and the optical depth to reionization,
τ , as well as power spectrum parameters, nS(kpivot), log AS(kpivot), and r(kpivot). As
we discuss below, and in figures 2.5 and 2.6, in both the AdS and mass-gap scenar-
ios, the running in the scalar spectral index is extremely small over observable scales,
|dnS/dlnk|< 4×10−3, and the vast majority models closely obey the consistency rela-
tion nT =−r/8. We compare the Monte Carlo DBI models to compatible observational
constraints obtained with dnS/dlnk = 0 and both with the consistency relation, and with
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r and nT allowed to be unrelated with−0.02< nT < 0. We consider purely adiabatic ini-
tial conditions and impose flat spatial curvature. The MCMC convergence diagnostics
is done on seven chains though the Gelman and Rubin “variance of chain mean”/“mean
of chain variances” R statistic for each parameter.
We also impose the following two consistency constraints:
1. Sufficient e-folds and all e-folds in the throat: Although there may be inflation
from other sources (other branes or other parts of the D3 trajectory) we require that
sufficient e-folds to solve the usual horizon problem take place in a single throat.
One may in principle loosen this requirement, but a more detailed knowledge
of the geometry in the bulk space would be needed. The required number of e-
folds depends on the reheating temperature TRH and inflation scale HI through
Ne ≈ 68.6+ ln(HIγ/TRH). This equation comes simply from the requirement that
Ha at the beginning of inflation is at least as small as Ha today, where H is the
Hubble parameter and a is the universe’s expansion factor. In other words, the
largest scale we observe today (kH ∼ kpivot/10) was once in causal contact. The
expression is approximate because it assumes H is constant during inflation. In
the appendix we discuss how to implement the condition more precisely. The
requirement that enough inflation occurs in the throat can then be expressed as
φH < φUV , where φUV is the scale where the throat is glued to the bulk. We use
the condition h(φUV ) = 1. For simplicity we assume 100% efficient reheating, so
that TRH is set by the warped brane tension.
2. A proportionally small throat: In order to have the observable scales today corre-
spond to the inflaton position inside the throat, we impose the bulk volume bound
(2.86) in the form,
φpivot−φA
MPl
<
√
4
NA
(2.108)
where φpivot is the value of φ corresponding to the physical pivot scale today, kpivot,
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where the normalization to CMB data is applied.
For DBI inflation, the Lyth bound [45] still applies
1
MP
dφ
dNe
=
2MPH ′
γH
=
√
r
8
. (2.109)
Using the Lyth bound and considering that r may decrease rapidly during infla-
tion, Ref.[27] concludes that in DBI inflation with a quadratic potential, the ten-
sor/scalar ratio would be unobservable for NA > 106. Meanwhile, it would badly
violate the current bound on non-Gaussianity for NA & 13.
One may rewrite the Lyth bound (2.109) as
rCMB .
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NA
(
1
Neff
)2
(2.110)
Neff ≡
∫ Nend
0
dNe
(
r
rCMB
)1/2
Note that this definition has number of e-folds Ne and Neff increasing with time.
From Eq.(2.45),
d lnr
dNe
≈ η+ s =−
[
(nS−1)+ r8cs
]
. (2.111)
This means that r decreases only when the scalar spectrum is blue to the sound
speed is small, which is significantly constrained on observable scales. However,
outside the observable window, cs can decrease rapidly. Therefore, the intermedi-
ate regime has the best chance to predict large tensor mode.
In the most optimistic observable case and with Neff ∼ 1, rCMB & 10−4 requires
NA < 106. One must then check whether the current bound on non-Gaussianity is
violated. For our purpose, this constraint in the form of the bulk volume bound
(2.108) turns out to be most useful. Note that this bound may be relaxed in some
variations of the model that we discuss later.
We impose the first condition directly in the code, but implement the last as a con-
sistency cut. Since other geometries (e.g., a squashed throat) or other choices for the
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Figure 2.4: Comparison of nS in different warped geometries.
inflaton may have a different dependence on NA, it is interesting to examine the range of
possible observables before and after imposing this constraint.
In Figure 2.4 we demonstrate the sensitivity of nS(kpivot) to different warped geome-
tries, holding all parameters, except β , at typical values and varying β from slow-roll,
β  1, to ultra-relativistic, β  1, regimes. We compare the AdS warp factor, the
mass-gap warp factor and the exact Klebanov-Strassler warp factor. We see that in the
slow-roll regime, since the warp factor does not come into play, different warped ge-
ometries give the same prediction on nS. When β > 1 the model starts to deviate from
slow-roll and the warp factor comes into play in the equation of motion, yielding dif-
ferent predictions on nS. Typically, we find that the mass-gap geometry gives a more
red-tilted spectrum than the AdS geometry and the exact K-S is in between the two.
In Figures 2.5 and 2.6 we demonstrate the wide variety of observational properties
arising in DBI inflation. In addition to slow-roll behavior with red tilted, nS < 1, and
blue-tilted, nS > 1, spectra, DBI inflation can also give rise to relativistic behavior
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γ > 1, and intermediate models with large tensors, small running and a strong running-
spectral tilt relation. The figures show key 2D parameter spaces for both observables and
model parameters with Monte Carlo generated models which are consistent with the
WMAP+SDSS+SN1a normalization As = 2.3+1.5−1.4× 10−9 at the 95% confidence level
(C.L.). The red squares are within 1σ in the upper-left r−nS panel, the orange-yellow
triangles are within 2σ , while the black crosses are outside 2σ . The nine panels from
bottom left are:
1. log10 m
2− log10 v panel. Low masses, m2. 10−12M2Pl, produce slow-roll behavior
γ ∼ 1 with small tensors, r < 0.05, and obeying the usual consistency relation
r =−8nT . Imposing a flat prior on log10 m2 and log10 v, the majority of slow-roll
models have a red-tilted spectrum. The normalization and e-folding constraints
allow the orbifolding parameter, v, to extend over a large range of values, ∼ 1025
orders of magnitude. The intermediate and relativistic regimes are constrained
in a small section of this space with very small orbifold factors v . 10−17. As
such, only the slow-roll regime is consistent with the Klebanov-Strassler Throat
for which v = 16/27.
2. log10 m
2− log10 hA panel. Two distinct regions, the slow-roll regime for m2 .
10−12M2Pl and a relativistic region with m
2 & 10−11M2Pl are carved out. The spread
of hA at small m2 indicates the insensitivity of data to the warp factor of the throat.
The requirement that there are sufficient e-foldings to include the physical scale
kpivot gives the lower bound on hA for a given mass in the slow roll region, with
the blue tilted slow-roll models lying close to this boundary. In the intermediate
and relativistic regimes the normalization constraint translates into a thin region of
allowed models. The relativistic models require a small warp factor at the bottom
of the throat, hA ∼ 10−1.5.
3. log10(φpivot− φA)− log10 NA panel. Conveniently demonstrates the bulk volume
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bound (2.108). The relativistic models all have (φpivot− φA)/MPl >
√
4/NA, as
such, imposing the bound rules out all but the slow-roll regime.
4. dnS/dlnk−nS panel. For both the AdS and mass-gap geometries the bulk of the
models satisfying the e-fold and normalization bounds have a very small nega-
tive or near zero running in the spectral tilt, −0.001 < dnS/dlnk(kpivot)< 0. The
relativistic models, in particular, have extremely small running and nS ≈ 1 as dis-
cussed in regards to (2.33).
5. log10 m
2−nS panel. For gs = 0.1 and α ′M2Pl = 1000 the slow-roll regime tends to-
wards a common spectral tilt nS ≈ 0.972 as m2→ 0, which reproduces the spectral
index in the slow-roll scenario [12].
6. log10 m
2− r panel. Models with significant tensor contributions with r > 0.05 are
purely generated in the intermediate regime with m2 ∼ 10−11M2Pl.
7. nS− r panel. Models with a noticeable deviation from the Harrison-Zeldovich
spectrum (nS = 1 and r = 0) are possible with 0.96. nS . 1.05, including models
with significant tensor contributions 0 < r . 0.15. (2.33) and (2.45) lead to the
relation 4(1−nS)/γ ∼ r. The AdS Monte Carlo models are able to have slightly
higher tensors than the mass-gap geometry. The mass-gap, however, allows an
interesting branch of models in the intermediate regime with large tensors and
distinct nS vs. r relation.
8. nT − r panel. Slow-roll and many intermediate tensor mode models are in good
agreement with the r = −8nT consistency relation. Significant deviations from
this relation are seen in the relativistic models where the models have a significant
tensor spectral tilt, but comparatively much smaller tensor amplitude given by
r ∼ nT/8γ in (2.48).
9. γ− r panel. There is a the clear division of behavior between the large mass mod-
els, with intermediate models possessing large tensor modes but a comparatively
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slowly rolling inflaton γ ∼ 1, and relativistic scenarios with γ > 1 but vanishing
tensor contributions in the limit γ  1. For large γ , the Monte Carlo models
are subject to additional constraints from CMB non-Gaussianity measurements,
γ < 31.
In Figures 2.7 and 2.8 we compare the observational constraints from 3-year WMAP
CMB + SDSS +HST GOODs data with the Monte Carlo results for DBI inflation for
the AdS and mass-gap warp factor respectively without imposing a constraint on φpivot.
The panels show the regions within 1σ (dark blue) and 2σ (pale blue) allowed by the
data. The DBI models are marked red (yellow/orange) if they lie within 1σ (2σ ) of the
data in the key nS− r space. Black points are outside the 2σ region. It is clear that the
data is constraining the parameter space of the model in a meaningful way.
One can see that in both cases the inflationary parameter space {NA, v, hA, m2} yields
models wholly consistent with observations. For gs = 0.1 and α ′M2Pl = 1000, the slow-
roll, low mass, regime tends towards a common spectral index nS(kpivot) ≈ 0.972, con-
sistent with observations at the 1σ level. An intermediate regime, for masses m2 ∼
10−11M2Pl and NA ∼ 1, with a significant tensor contribution, is also consistent at 1σ
level. The relativistic (γ  1) regime is consistent with data at the 95% C.L. For the
AdS warp factor a handfull of Monte Carlo models, in agreement with the CMB and
galaxy spectra at the 95% level, exceed the non-Gaussianity constraint from WMAP
CMB on relativistic models, γ < 31.
In Figures 2.9 and 2.10 we show the allowed Monte Carlo models after additionally
requiring that they also satisfy the bulk volume bound (2.108). This bound effectively
constrains the tensor to scalar ratio, r(kpivot) < 4× 10−3. In this case the slow-roll
regime is allowed but the intermediate and relativistic regime do not satisfy the cut. In
Figures 2.11 - 2.13 we investigate the intermediate regime more fully, for a variety of
specific parameter values, and find that the bulk volume constraint disallows any of the
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observationally consistent models to survive.
For the intermediate region, it is worth noting that the initial φ takes a rather large
value. In this case, we expect that the truncation, keeping only the m2φ2 term in the
inflaton potential, may not be a good approximation. Let us, therefore, consider the
impact of introducing a φ4 term to the inflaton potential (1.8) :
V (φ)→V (φ)+µV0
(
φ
MPl
)4
(2.112)
We see in Figure 2.14 that turning on a φ4 term tends to blue (red) tilt the power spectrum
for small (intermediate) values of m2.
In Figure 2.15, we show how the parameters and observables change with different
values of µ . We find that as µ increases, hA has to decrease in order to fit COBE
normalization, meanwhile, nS is driven to the red end and r increases. We also show
in the figure that including the φ4 term does not help to reduce the value of φpivot but
makes it even larger, consistent with the bound (2.109) as r increases with larger µ .
2.3.5 Summary of Results
We have discussed the cosmological predictions for DBI inflation, including the depen-
dence of observed initial power spectra observables on the brane evolution and throat
geometry. Three inflationary regimes are of interest, namely the slow-roll, intermedi-
ate relativistic and ultra-relativistic regimes, with rich properties including large tensor
modes and non-Gaussianity.
After numerically integrating the background and perturbation equations we com-
pare the predicted power spectrum properties to current cosmological CMB, galaxy
and supernovae data. We find that the three regimes can fit the data well although the
power spectrum normalization and e-fold constraints severely cut into the full multi-
dimensional parameter space.
45
The small m2 parameter region, which corresponds to a specific model within the
usual slow-roll scenario, satisfies the cosmological data quite well predicting a spec-
tral tilt around ns(kpivot) ' 0.972. Its predictions are in line with a typical inflationary
scenario.
Before imposing the bulk volume bound (2.108), we find that the (relatively) large
m2 region, which corresponds to the DBI ultra-relativistic scenario, is compatible with
the present data, in agreement with previous analyses. The potential of having a large
non-Gaussianity [26, 35] with distinctive bi-spectrum [22] and trispectrum [46] is very
encouraging to testing this very stringy scenario. However, imposing the bulk volume
bound rules out most if not all of the large γ region. That the cosmological data strongly
restricts the allowed parameter space and brane inflationary scenarios means that the
scenario can be tested; this is very encouraging.
Interestingly, we find that the intermediate m2 region, for which a numerical analysis
is required, where the tensor mode can be large [25] and the nt − r relation deviates
from the usual consistency relation, is also consistent with the data, when one neglects
the bulk volume condition (2.108). When this condition is imposed, however, the region
is ruled out in the simple scenario. There are a number of ways to vary the model to relax
this bound or the constraint coming from this bound; however, in spite of this, we do
not expect the ratio r to be much bigger than a few percent. Two possibilities discussed
here are the multi-brane multi-throat scenario and the wrapped D5-brane scenario. If r
is large enough to be measured, the deviation from the r− nt relation in the slow-roll
case will be a fine signature for stringy physics.
The goal here is not only to find a stringy inflationary scenario that fits the data, but
that such a scenario will also predict distinctive stringy signatures that may be detected
and measured. Besides cosmic strings, searches for distinct string theory signatures in
the slow-roll scenario continues. Recently, the proposal that the Seiberg duality cascade
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in the KS throat may lead to observable signatures in the CMB power spectrum [47] is
encouraging. Features in the warp factor or effects due to the fact that the inflaton is
really a six-component field may source non-Gaussianity and slightly alter predictions
for the power spectrum [48, 49].
Although the predicted tensor contribution of a few percent is beyond the capabilities
of the WMAP satellite, this could well be in the detectable realm for the next gener-
ation of CMB instruments focusing on precision measurements of CMB BB polariza-
tion modes. Examples are, amongst others, the PLANCK, Clover, Spider, and BICEP
projects, which hope to get ∆r ∼ 0.01− 0.05. As such, the near future holds exciting
prospects for better testing the rich properties of brane inflation.
Finally, it is worth mentioning that cosmic strings are generically produced toward
the end of brane inflation. We find that the cosmic string tension µ roughly satisfies
10−14 < Gµ < 10−6; its particular value depends on the choice of m and λ . Roughly
speaking, small allowed values of Gµ , 10−14 . Gµ . 10−10 are accompanied by a red
tilt in the power spectrum, and in some cases by large non-Gaussianity.
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Figure 2.5: Taxonomy of the inflationary parameter space for the AdS warp geometry show-
ing DBI inflationary models from a Monte Carlo simulation which satisfy the
WMAP+SDSS+SN1a normalization constraint As = 2.3+1.5−1.4× 10−9 at 95% C.L..
The figure shows the wide variety of inflationary behavior arising from DBI infla-
tion, including relativistic models (1.1 < γ < 10, filled yellow triangles and γ > 10
full red squares), large tensor modes (open green triangles), and blue and red-tilted
slow-roll spectra (black and blue crosses, respectively). The taxonomy is pre-
sented in terms of relationships between the predicted spectrum observables (nS,
r, dnS/dlnk) and key model parameters (m2, hA, NA, γ and φpivot). Note that the
bottom right figure shows models in comparison to the bulk volume bound imposed
by [27]. If the bound is imposed only slow-roll (low tensor, small running, non-
relativistic models) with φpivot− φA <
√
4/NA are allowed. See the main text for
further discussion.
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Figure 2.6: As in Figure 2.5 but for the mass-gap warp geometry.
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Figure 2.7: Inflation parameter space for the AdS geometry in comparison to cosmological ob-
servational constraints from 3-year WMAP data in combination with SDSS LRG
power spectrum data and SNLS SN1a data. The top left figure (nS vs r con-
straints) and top center figure (nT vs r constraints) of each set show the observa-
tional constraints without imposing the nT = −r/8 consistency relation, allowing
−0.02 < nT < 0, at the 68% (dark blue) and 95% (light blue) confidence level.
Overlaid are DBI inflationary models from a Monte Carlo simulation which satisfy
the WMAP normalization constraint As = 2.3+1.5−1.4× 10−9 at 95% C.L. and are in
agreement with the nS− r WMAP+SDSS LRG+SN1a constraint within 68% (red
square), 95% (yellow triangle) and outside 95% (black cross) confidence limits.
The constraints with the consistency relation imposed (dashed contours in the top
left plot) yield a very similar splitting of the DBI models by confidence level.
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Figure 2.8: As in Figure 2.7 but for the mass-gap warp geometry.
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Figure 2.9: As in Figure 2.7 but imposing the bulk volume bound [27] of φpivot−φA <
√
4/NA
for the AdS warp factor. Note that the tensor ratio and tensor tilt scales are reduced
in comparison to Figure 2.7. The rescaled plots show that the, much more restricted,
set of models are all in the slow-roll regime with r< 0.003 and γ−1< 10−7 and sat-
isfy the nT = −r/8 consistency relation. The intermediate regime, while in strong
agreement with observations, is incompatible with the bound.
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Figure 2.10: As in Figure 2.9 but imposing the bulk volume bound for the mass-gap geometry.
Only slow-roll models remain consistent with the data at the 95% confidence level
with r < 0.001 and γ−1 < 10−7 and satisfy the nT =−r/8 consistency relation.
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Figure 2.11: With NA = 1014, the figure shows the β −hA plane of parameter space for the AdS
warp factor without orbifolding. The red region fits nS within 2σ , and the yellow
band is the constraint from COBE normalization. We find that we need NA roughly
1014 to fit the WMAP data. The blue lines are contours of r = 0.01,0.1,0.15. The
model yields significantly large tensor to scalar ratio. The green lines are contours
of γ = 1.001,1.5. All the models within the red region deviate from the slow-roll
scenario, but γ at the pivot scale is not large enough to be in the ultra-relativistic
regime. They all belong to the intermediate region. The tightest constraint here is
actually the bulk volume bound (2.108), with NA ∼ 1014 : no points on this figure
survive the bound.
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Figure 2.12: A similar graph as Figure 2.11 except that the volume of X5 is decreased to v =
10−13. We find models that fit WMAP data, and they come with much smaller NA
values than the case with v∼ 1. The graph shows a plane with NA = 20. This figure
is still in the intermediate region. However, even if NA is decreased significantly,
no model survives the bulk volume bound (2.108).
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Figure 2.13: We now take the limit NA = 1 and see if there are any models that fit the data
and survive the bulk volume bound (2.108) at the same time. The blue lines are
contours for different φpivot values. (Blue-tilt at small φpivot.) In the 2σ region
of the nS constraint, i.e. the red region, we see that φpivot > 10, badly violating
the bound on field range. The diamond points do show some points that survive
the bound but they do not fit nS well. The figure shows that the value of φpivot
decreases in the upper-right and lower-left corner, so for β > 102 and β < 10−2,
the chance to get small φpivot is much larger, and these two regions are the slow-roll
region and the DBI region.
56
AdS warp factor
α′M2p = 1000
gs = 0.1
NA = 20
v = 10−13
0.95
0.96
0.97
0.98
0.99
1
1.01
1.02
n
s
n
s
0.01 0.02 0.05 0.1 0.2 0.5 1
β
µ = 0
µ = 10−5
AdS warp factor
α′M2p = 1000
gs = 0.1
NA = 20
v = 10−13
0.94
0.95
0.96
0.97
0.98
0.99
1
1.01
n
s
n
s
0.1 0.2 0.5 1 2 5 10 20 50 100
β
µ = 0
µ = 10−3
Figure 2.14: These two figures show the prediction of nS if the inflaton potential is perturbed
by a µφ 4 term. In the slow-roll regime (β < 0.1), a µφ 4 term will drive the nS to
the blue end and is not favored by data. But in the intermediate regime (β > 0.1),
adding a µφ 4 term in the potential drives nS to the red end and improves the
model’s agreement with data.
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Figure 2.15: For β = 1, these figures show the dependence of {hA,nS,r,φpivot} on the µφ 4 term.
The other parameters are fixed to be NA = 20, v = 10−13, gs = 0.1, α ′M2Pl = 1000.
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2.4 The Infrared Dirac-Born-Infeld Scenario
2.4.1 A Multi-throat Scenario
In the IR models, branes are started from the IR side of a throat (denoted as the B-throat)
and roll toward the UV side under the moduli potential
V (φ) =V0− 12m
2φ2 . (2.113)
The origin of φ is at the tip of the throat, which can be realized for example if the tip
of the throat is an orbifold fixed point. The Coulomb attraction from antibranes in other
throats is neglected here unless m2/H2 is very small.
The IR model can arise in the following scenario [14] (illustrated in Fig. 2.16): At the
beginning, anti-branes are naturally attracted to and settle down at the end of various
throats induced by fluxes. However they are semi-stable at most, and will eventually
annihilate against some fluxes [50]. The end products are nB D3-branes. As men-
tioned, unlike antibranes, branes experience no potential if the extra dimensions are not
compactly stabilized. But for realistic inflation models in string compactification, their
moduli space is lifted. If the mass term is tachyonic as in (2.113) for a B-throat, these
liberated branes will roll out. The inflationary energy V0 is provided by longer-living
antibranes in other throats (denoted as the A-throats) or in the bulk. Shorter A-throats
give more dominant contributions to V0. These antibranes eventually get annihilated by
some of the inflaton branes. The annihilation products will naturally heat low mass-
scale sectors in case of tunnelling reheating [51], such as branes residing in very long
throats or in a large bulk.
We now study the phase diagram for IR-DBI inflation. In the absence of the warped
space, the |ηSR|= 1 line is
φ2 =−2M2Pl+
2V0
m2
, (2.114)
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Figure 2: Multi-throat brane inflation scenario. In the first figure, antibranes are settled down in
throats. In the second figure, in some throats antibranes annihilate fluxes and generate branes. For
a throat with tachyonic brane moduli, branes fall out and settle down somewhere else, triggering
either IR or UV models of brane inflation.
against some fluxes [50]. The end products are many branes. As mentioned, unlike an-
tibranes, branes experience no potential if the extra dimensions are not compactly stabilized.
But for realistic inflation models in string compactification, their moduli space is lifted. If
the mass term is tachyonic as in (2.13) for a B-throat, these liberated branes will roll out.
The inflationary energy V0 is provided by longer-living antibranes in other throats (denoted
as the A-throats) or in the bulk. Shorter A-throats give more dominant contributions to V0.
These antibranes eventually get annihilated by some of the inflaton branes. The annihilation
products will naturally heat low mass-scale sectors in case of tunnelling reheating [51], such
as branes residing in very long throats or in a large bulk.
In the absence of the warped space, the |ηV | ≡M2Pl|V ′′|/V = 1 line is
φ2 = −2M2Pl +
2V0
m2
, (2.14)
which corresponds to the vertical line (atm =
√
V0/MPl) in Fig. 3. Slow-roll inflation occurs
when |ηV | < 1 which is the region to the left of this line.
In the presence of the warped space, DBI inflation can be triggered even if the slow-roll
condition is not satisfied. Ref. [34, 35] show that, for β ≡ m2/H2 ∼ |ηV | ! 1, DBI inflation
happens if
φ < HR2B
√
nBT3 . (2.15)
Here, an important difference from the STA model condition (2.6) is that, because the
inflationary energy V0 is provided by antibranes in other throats instead of the moduli
potential itself, the shape of the potential that can achieve inflation becomes rather flexible.
Of the special interest is the generic case m2 ∼ H2. Even for β < 1 when slow-roll inflation
is possible, the speed-limit provided by the warped space cannot be neglected if the inflatons
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Figure 2.16: Multi-throat brane inflation sc nario. In the left figure, antibran s are settled down
in throats. In the right figure, in some throats antibranes annihilate fluxes and
generate branes. For a throat with tachyonic brane moduli, branes fall out and
settle down somewhere else, triggering either IR or UV models of brane inflation.
which corr sponds to th vertical lin (at m=
√
V0/MPl) i Fig. 2.17. Slow-r ll inflation
occurs when |ηSR|< 1 which is the region to the left of this line.
In the presence of the warped space, DBI inflation can be triggered even if the slow-
roll condition is not satisfied. Ref. [14, 28] show that, for β ≡m2/H2 ∼ |ηSR|& 1, DBI
inflation happens if
φ < HR2B
√
nBT3 . (2.115)
Here, an important difference from the UV model condition (2.104) is that, because the
inflationary energy V0 is provided by antibranes in other throats instead of the moduli
potential itself, the shape of the potential that can achieve inflation becomes rather flex-
ible. Of the special interest is the generic case m2 ∼H2. Even for β < 1 when slow-roll
inflation is possible, the speed-limit provided by the warped space cannot be neglected
if the inflatons are started from the region [28]
φ < βHR2B
√
nBT3 . (2.116)
This implies that the DBI and slow-roll phases can be smoothly connected by an in-
termediate region in this corner of the parameter space. Overall, the DBI inflation
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Figure 2.17: The inflation phase diagram for IR models. The notation used here is the same as
in Fig. 2.3. The vertical line at m =
√
V0/MPl corresponds to |ηSR| = β/3 = 1.
The unshaded region may support a certain amount of non-relativistic fast-roll
inflation.
phase stays below the horizontal curve stretching from the origin to φ = HR2B
√
nBT3
in Fig. 2.17. The DBI region always stays well below the maximum inflaton extension
(the horizontal solid line at φ = RB
√
nBT3), since
HR2B
√
nBT3
RB
√
nBT3
= HRB .
√
nAh2A√
NB
 1 , (2.117)
where V0 = 2nAh4AT3 and (2.82) (2.83) are used, nA being the number of antibranes that
get annihilated. We see that IR DBI inflation is completed in a very small region at the
tip of the B-throat. Unlike the UV DBI phase, the condition (2.105) is automatically
satisfied. This also justifies the small field expansion in (2.113).
We have treated the Hubble parameter H as a constant. This can be verified using the
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geometric constraints (2.82) and (2.83), because in the IR model the potential drop ∆V
during inflation, estimated very conservatively, satisfies
∆V
V0
. m
2R2BnBT3
2V0
∼ βnB
NB
. (2.118)
As long as
β  NB/nB , (2.119)
the inflationary energy is approximately a constant.
Therefore we see that in the IR models, inflation can occur for a large range of the
mass parameter,
0 < m2/H2 NB , (2.120)
around the generically expected magnitude m ∼ H. The requirement is to start the in-
flatons from a small enough φB. In terms of the flux compactification this is easy to
achieve, because the minimum warp factor is given by the flux numbers M and K in an
exponential form [10]
hmin ∼ exp(−2piK/3Mgs) . (2.121)
We emphasize that non-trivial constraints come from various back-reactions that cut off
the IR regions of a throat. These include the back-reaction from the 4-d inflationary
background [28, 51] and the back-reaction from the relativistic inflaton branes [13, 52].
The former is generally (for β ∼ 1) more important than or comparable to the latter
depending on the number of inflaton branes. It is estimated [28, 51] to cut off the throat
at φ ∼ HR2B
√
nBT3/
√
NB. This determines the maximum number of e-folds achievable
by the DBI inflationary phase,1 NDBItot ∼
√
NB. A more detailed understanding of this
backreaction is important.
1This constraint is equally important for UV DBI models.
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It is worth pointing out that, in terms of model building, the most important difference
between the IR and UV DBI models is not whether branes are started from the IR or
UV side of a warped space. It is the independence between the inflaton speed-limit and
the inflationary energy, which allows a flexible shape of potential. We have seen that
this naturally happens when branes are moving out of a throat, with inflationary energy
provided by antibranes in other throats. Just in terms of field theory, even in the UV
models, such an independence can be achieved by demanding the constant term V0 in
the potential (2.102) to be independent of the A-throat warp factor, for example by a
hybrid of a different field around φ = 0 to suddenly end inflation. The question is then
how to realize it naturally in string models.
Having considered the phase diagram, we would like to first restrict the parameter
space by comparing the predictions of the model with observational data, and then make
predictions for future observations. This will be the main focus for the rest of the paper.
We close this subsection with a few comments on the setup of the model.
First, as we demonstrated in Fig. 2.3, for UV models there is no inflation around
ηSR ∼ 1 and a large parameter space beyond that. So for IR models, it is reasonable
to consider the simplest case where, after branes come out of the B-throat, there is no
significant amount of additional inflationary e-folds if they roll through the bulk or enter
another A-throat to annihilate antibranes there. This simplest possibility represents a
fairly generic class of models.
Second, more realistic throats such as the Klebanov-Strassler throat [15] have a scale-
dependent charge. The characteristic scale R decreases slowly towards the tip of the
throat. Especially the geometry around the tip region will be significantly different
from the simple AdS form (2.61). For UV models such modifications can be important
because the tip of the throat is the region around which the last 60 e-folds of inflation
happens [36, 35]. For IR models, the situation is opposite. The last 60 e-folds of inflation
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happens away from the bottom of a throat because generally the total e-folds is more than
60. Furthermore the relevant field range is very small. Therefore, under these conditions
(which will be made more precise in Sec. 2.4.2), we can ignore both the deformation of
the throat geometry and the running of the throat charge, and approximate the metric as
(2.61) with the constant λ (or R) being the effective value at the relevant φ (or r).
Third, as we have mentioned, the realistic IR case almost always involves multiple
inflaton branes. It is interesting to see whether the non-Abelian action plays an important
role [53]. In our scenario, after the mobile branes are created in the IR end of the throat,
they all have approximately the same radial coordinates and roll in the radial direction.
In the angular directions, we either imagine that they are randomly distributed, in which
case their average separation is hBRB/n
1/5
B (the power of 1/5 is due to the five-sphere)
which is much larger than the local red-shifted string length along the extra dimensions,
hBm−1s ; or we imagine that they stick together and roll with a fixed angular coordinate,
which is different from them forming a higher dimensional brane and expanding around
the center. In both cases, we expect the leading effects of a large number of branes on
density perturbations to be well represented by the Abelian action. As in Ref. [28, 29],
we will use this approximation in this paper.
Lastly, there is a trivial slow-roll region in IR models if we tune β to be near O(0.01).
We skip this parameter space in this paper and start from β & O(0.1).
2.4.2 Background Attractor Solutions
In regions where various back-reactions to the warped background are negligible and
the Hubble energy stays below the red-shifted string scale, the low-energy dynamics of
the inflaton branes is described by the DBI-CS action (1.5),
S =−
∫
d4x
√−g
(
φ4
λB
√
1+
λB
φ4
gµν∂µφ∂νφ − φ
4
λB
+V (φ)
)
, (2.122)
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where V (φ) is given by Eq.(2.113) . Subscripts A and B are used to denote quantities
for the A and B throats.
The branes start from the tip of the throat and exit at the UV end of the throat, after
which some of them quickly find antibranes and annihilate, diminishing the cosmolog-
ical constant V0. Among all the branes rolling out from the B-throat, only those which
annihilate antibranes have significant contributions to the density perturbations. We will
denote this number as nB. The normalized inflaton field is
φ =
√
nBT3 r , λB = nBT3R4B =
nBNB
2pi2 vB
, (2.123)
with NB the background charge of the B throat, and vB the B throat base volume /
Vol(S5). The UV end of the throat corresponds to φend = RB
√
nBT3 =
√
λB/RB.
More generally, antibranes with number nA that get annihilated can reside in different
A-throats. Due to different warp factors, each annihilated brane pairs can have differ-
ent contributions to reheating energy. These subtleties will only affect the microscopic
interpretation of the parameters, such as nAh4A. For our purpose, we define
V0 ≡ 2nAh4AT3 , (2.124)
The dynamics of the inflaton can be approximately described by two attractor solu-
tions. The first is that of the IR DBI inflation. This is the phase where the effect of the
speed-limit is important. The inflaton is traveling near the warped speed of light, and
the attractor solution is
φ =−
√
λB
t
+
9
√
λB
2β 2H2t3
+ · · · , (2.125)
where t is chosen to run from −∞ for convenience. Recall that for 0< β  NB/(nB), H
is approximately a constant. This phase ends around φ ∼ H√λB (t ∼−H−1) for β & 1
and φ ∼ βH√λB (t ∼−β−1H−1) for β < 1. The inflationary e-folds as the function of
φ can be estimated as
NDBIe ≈
H
√
λB
φ
−β−1 . (2.126)
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Here we have incorporated both the case β < 1 and β & 1 by adding the term β−1; this
correction is negligible for β & 1, and the validity of (2.125) requires NDBIe  β−1.
The second attractor solution describes the nonrelativistic rolling where the inflaton
velocity stays far below the speed-limit. In this limit the equation of motion
φ¨ +3Hφ˙ +∂φV (φ) = 0 (2.127)
has the following attractor solution
φ = φ0eαβH(t−t0)/3 , α =
−9+√81+36β
2β
. (2.128)
The consistency condition that the inflaton velocity is non-relativistic φ˙  φ2/√λB
requires that φ  αβH√λB/3. This phase is smoothly connected to the previous DBI
phase. The total number of inflationary e-folds provided by this period is given by
NNRtot ≈
3
αβ
lnφ
∣∣∣∣∣
√
λB/RB
αβH
√
λB/3
≈ 3
αβ
| lnHRB| . (2.129)
We emphasize that this nonrelativistic rolling region is slow-roll only if β  1, while the
above formulae are valid even if this condition is not satisfied. For example in Fig. 2.17
at around β ∼ 1 (m ∼ √V0/MPl), after the DBI phase it takes time for branes to go
through the lightly-shaded region till it reaches the end of the throat. This is because the
branes are originally very close to the top of the potential. It provides a certain amount
of e-folds typically not corresponding to the scale of the CMB. These additional non-
relativistic non-slow-roll inflationary e-folds is also interesting to us, because it affects
the relevant e-folds in the DBI phase,
Ne = NDBIe +N
NR
tot , (2.130)
and hence predictions for observations.
In Fig. 2.18 we demonstrate numerical results and show that the two attractor solutions
(2.125) and (2.128) give good analytical approximations for the inflaton dynamics. Any
66
1020304050607080
eN
0.0
0.2
0.4
0.6
0.8
1.0
2
h/ r
1020304050607080
eN
0
10
20
30
40
50
60
!
77.077.578.078.579.079.580.0
eN
0.00040
0.00045
0.00050
0.00055
0.00060
0.00065
0.00070
0.00075
0.00080
999.0!2
h/ r
77.077.578.078.579.079.580.0
eN
25
30
35
40
45
!
Figure 2.18: Attractor behavior of the background solution for IR-DBI model. The dashed lines
are the analytical attractor solutions. The solid lines are numerical solutions with
different initial velocities. The upper-left panel shows the evolution of the ratio
of the inflaton-velocity r˙ to the warped-speed-of-light h2. The two dashed lines
are DBI and non-relativistic rolling, respectively. The upper-right panel shows the
evolution of the Lorentz factor γ . The lower panels are the blow-ups of the upper
panels. The parameters are β = 2, NB = 109, nB = 105, msg
−1/4
s = 10−6MPl,
nAh4A = 1. In the simulation, branes are started at hB = 2.9×10−7.
initial angular motions will also be damped out due to the Hubble friction, because the
inflaton potential considered here has only radial dependence.
In this chapter, we use the AdS5 geometry with a length scale R to represent the warped
space. The details of the geometry can be different for more realistic cases. We expect
our example to capture the main properties of the model, and to be a good approximation
for a certain generic parameter space. Let us consider, for example, the K-S throat,
h−4(r) =
27pigsα ′2
4r4
[
Ntot+
3gsM2
2pi
(
ln
r
rmax
+
1
4
)]
≡ R
4
l
r4
, (2.131)
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where we have defined a running Rl ,
R4l =
27pi
4
gsα ′2Neff , (2.132)
with Neff ≡MKeff = M(Ktot− l) for
r = rmax exp(−2lpi/3gsM) . (2.133)
So instead of the parameter NB, here we have the parameter M. The effective Neff and
Keff are now functions of r or l. From (2.133) we can estimate that, during IR DBI
inflation, ∆l ≈ gsM. Therefore as long as
Keff gsM , (2.134)
we can neglect the running of Neff. The NB in our analyses thus represents the Neff in
a small region of r relevant for IR DBI inflation. The condition (2.134) is most easily
satisfied by having a small gs. In addition, since the WMAP window is only a few e-
folds, which corresponds to ∆l ≈ 3gsM/NDBIe , we only need Keff > gsM to approximate
Neff as a constant in this window. In this case, the running of Neff only slightly affects the
total DBI e-folds, and hence the relation in (2.130). Another difference between the K-S
throat and the geometry we use is that, in the latter, the UV edge of the warped space
is cut off and glued to the bulk at R, while in the former it is given by an independent
parameter rmax. This does not cause too much difference in the analyses, since the non-
relativistic fast-roll inflation mostly happens near the top of the potential; hence NNRtot is
insensitive to the cutoff in generic cases.
2.4.3 The Power Spectrum and a Running Spectral Index
We first look at the density perturbations in the DBI phase. Its amplitude is given by the
usual formula
Pζ = H
2δ t2 , (2.135)
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where δ t is the position-dependent time delay caused by the frozen quantum fluctua-
tions of the inflaton, δφ = H/2pi . In this phase we approximate the inflaton zero-mode
velocity as the speed of light, φ˙ = φ2/
√
λB. So we have
Pζ =
H4
4pi2φ˙2
≈ (N
DBI
e )
4
4pi2λB
. (2.136)
If this is responsible for Pζ ≈ 23× 10−10, we need λB ∼ 1013. Since the number of
branes created after the flux-antibrane annihilation can be as large as O(
√
NB), this
requires NB & 109. The formula (2.136) can be derived rigorously using the formalism
of Garriga and Mukhanov [21] summarised in Chapter 2.2.1, where we can see that the
main difference from the slow-roll case is the development of the sound speed cs on the
world-volume of the inflaton branes. This shrinks the Hubble horizon by a factor of cs.
The underlying physics can be most easily understood in the view of an instantaneous
co-moving observer with the brane [14, 28]. For this observer the Hubble expansion
rate is increased by the Lorentz factor
γ = 1/cs = 1/
√
1−λBφ˙2/φ4 ≈ βNDBIe /3 (2.137)
due to the relativistic time dilation. In the last step of (2.137), we have used the IR
model solution (2.125) and (2.126). This Hubble parameter leads to a horizon of size
csH−1, which lies orthogonal to the brane velocity and hence appears the same to the
lab observer (i.e. the observer that does not move with the branes).
In this model it is very important to realize the validity condition for the field theory
analyses of density perturbations, and make estimates for the density perturbations when
the field theory analyses break down [14, 28, 29]. There are the following several inter-
esting regions as we extend the inflaton back in time towards the IR side of the warped
space.
Firstly, open strings on the inflaton brane will be created when the Hubble energy
density γ4H4 for the moving observer becomes larger than the red-shifted brane tension2
2If we replace the brane tension with the string scale m4s , we have an extra factor of g
1/8
s in (2.138).
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h4BT3 = φ4/nBλB. Using (2.126) and (2.137), this happens at the critical e-fold
Nc ∼ λ
1/8
B
β 1/2n1/8B
∼ N
1/8
B
β 1/2
. (2.138)
Another observation that also indicates that we cannot naively extend the field-theoretic
results too far down the IR side of the throat, is to look at the region Ne > Nc, where the
brane fluctuations in the transverse directions become superluminal. This is impossible.
The reason that such a superluminal speed even occurs under the DBI action can be
understood as follows. When we calculate the primordial fluctuations, in the first step,
the source of such fluctuations is the uncertainty principle, which a priori does not
necessarily respect the speed-limit if we only consider the scalar field. In the next step,
the later evolution of such fluctuations is governed by the DBI action and always follows
the causality constraint. The superluminal fluctuation speeds to which we just referred
come from the first step, if we naively extend the field theoretic calculation to the regions
beyond (2.138).
Secondly, closed strings will be created when the Hubble energy H4 for the lab ob-
server becomes larger than the red-shifted brane tension. This happens at
Ne ∼ λ 1/4B /n1/4B . (2.139)
Finally, when the closed string density created by the Hubble expansion overwhelms
the source (fluxes or branes) for the warped geometry, the warped space gets cut off. As
mentioned, this back-reaction determines the maximum number of inflationary e-folds
in the DBI phase,
NDBItot ∼ λ 1/2B /n1/2B . (2.140)
It is important to note that the zero-mode dynamics of the inflaton are still valid as
long as Ne < NDBItot , since it only relies on the existence of the speed-limit and therefore
on the condition (2.140) at which the warped space gets cut off.3 In addition, the strings
3 It will be interesting to understand better how branes move through a gas of strings and graviton KK
modes, whose effects are ignored here.
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and graviton KK-modes are only created in the tip of the throat and have energy density
O(H4). It does not backreact significantly on the Hubble expansion. However, the field-
theoretic calculation of the density perturbation is no longer valid if Ne & Nc, since not
only scalar fields but also open strings will be created.
Estimate the Effect of Phase Transition on Spectral Index
While a rigorous treatment is currently unavailable, there are a couple of ways to esti-
mate the density perturbations in this situation [28, 29].
We can estimate the part of energy that goes into scalar fluctuations to be saturated
when the Hubble temperature reaches the brane tension φ4/nBλB at (2.138). Further
relative increase of the Hubble energy excites strings and branes. The stringy excitations
will be diluted by the exponential spatial expansion after the Hubble energy drops below
the brane tension as branes move to the UV side, in the same way that the inflation
dilutes relic densities. Only the scalar fluctuations are frozen and later translated into
the position-dependent time-delay for the reheating. For the moving observer, the scalar
field energy density is (δφ)2movγ2H2∼ φ4/nBλB and for the lab observer δφ = δφmov/γ .
This estimate leads to δφ =
√
λBH/
√
nB(NDBIe )
2γ2. So for Ne > Nc, we estimate
Pζ = H
2δφ2
φ˙2
∼ 324pi
2
nBβ 4(NDBIe )4
. (2.141)
This is also the result that we will get by looking at the transverse fluctuation speed
of each brane. The field-theoretic analyses lead to the fluctuation speed (for the mov-
ing observer), r˙mov = δ r/δ t ≈ γHT−1/23 /(γH)−1, which is the fluctuation amplitude
divided by a Hubble time. This velocity reaches the warped speed of light precisely
around (2.138). Above the phase transition, we assume the fluctuation speed saturates
the warped speed of light h2, so δ rmov ≈ h2(γH)−1. The position-dependent time-delay
is then
δ tlab ≈ δ rmov/r˙0γ√nB ≈ γ
−2H−1/
√
nB , (2.142)
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where r˙0 = h2B is the zero-mode brane speed, and the factor 1/
√
nB is due to the reduc-
tion of the root-mean-square of the fluctuations by the superposition of nB independent
branes. Eq. (2.142) reproduces (2.141).
To make the estimation more quantitative, consider a simple model where the density
perturbations are caused by the scalar field fluctuations, which are the super-horizon
ripples on branes in transverse directions. These ripples are generated during a Hubble
time while they are still sub-horizon and then frozen. The amplitude of the ripples are
given by the fluctuation speed of a Hubble-sized patch on the brane. This speed is
determined by the energy pumped into the branes by the Hubble expansion. This model
simplifies the underlying physics by focusing on only the overall fluctuation speed of
a Hubble-sized patch while ignoring the detailed world-volume theory such as effects
from specific stringy excitations.
According to the special relativity, an object with rest mass m0 and energy E = m0+
∆E has velocity
v = c
√
1− m
2
0
(m0+∆E)2
. (2.143)
For the on-brane observer, a Hubble-sized patch has rest mass
m0 = h4BT3∆V = h
4
BT3
(
γH
2pi
)−3
, (2.144)
where h4BT3 is the red-shifted brane tension. The Hubble energy is γH/2pi , half of which
goes to the kinetic energy of the transverse oscillation of the brane ∆E = γH/4pi , while
the other half goes to the tension of oscillations in terms of spatial derivatives. We
have restored the factor of 2pi in the Hubble length and energy in order to quantitatively
match the known results in the low energy limit. The local speed of light is c = h2B. The
position-dependent time delay is
δ t =
v(γH/2pi)−1/γ
r˙
√
nB
, (2.145)
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where the numerator is the fluctuation amplitude within a Hubble time viewed from the
lab observer (hence an extra factor of 1/γ due to Lorentz contraction), and the denomi-
nator is the overall brane velocity which is approximately the local speed of light r˙ ≈ c.
Here we also consider the case of nB multiple branes where the superposition of inde-
pendent fluctuations reduces the time-delay by a factor of 1/
√
nB. Using these estimates
we obtain the power spectrum
Pζ =
4pi2v2T3
γ4φ˙2
, (2.146)
where
v2T3 = h4BT3
1−(1+ γ4H4
32pi4h4BT3
)−2 . (2.147)
This formula recovers the usual field theory result in the limit of non-relativistic fluctua-
tion speed. This includes non-relativistic-(slow or fast)-roll inflation, and DBI inflation
below the phase transition. This formula also gives an estimate on the effect of the
Hubble-expansion induced stringy phase transition. The estimate is expected to provide
the envelope behavior beyond the transition since it ignores detailed features such as
specific resonant production of various stringy states.
It will be useful to extract the DBI inflation region in (2.146) and (2.147), and parametrize
it in the following way,4
Pζ = H
2δ t2 =
324pi2
nBβ 4NDBIe
4
(
1− N
16
c
(N8c +NDBIe
8)2
)
. (2.148)
Nc is defined as
Nc ≡ 25/8
√
3pi
λ 1/8B
n1/8B β 1/2
=
√
6pi1/4
N1/8B
β 1/2
, (2.149)
4More precisely, because of the sound horizon is time-dependent, we should replace NDBIe in (2.148)
with NDBIe − ln(cs(k)H(k)−1)/(cˆsHˆ−1), where the variables with a hat are evaluated when the reference
mode kˆ (e.g. kˆ = 0.002Mpc−1 as in (2.163)) crosses the sound horizon. Because the relevant scales for
(2.148) span only a few e-folds, the change of the sound horizon csH−1 is very small and we neglect such
corrections.
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Taking the limits Ne  Nc and Ne  Nc, we recover (2.136) and (2.141) respectively.
The spectral index is
ns−1 = 4NDBIe
x2+3x−2
(x+1)(x+2)
, x≡
(
NDBIe
Nc
)8
. (2.150)
This formula interpolates between two asymptotic values 4/Ne and−4/Ne. If we define
the width of the transition region as the e-fold difference ∆Ne between ns−1 = 2/NDBIe
and −2/NDBIe , then we have
∆Ne ≈ 0.2Nc , (2.151)
which can be quite large (for example, six if Nc = 30). But the running of ns is still
observably large in the transition region (for example, dns/dlnk ≈ −0.02 in the range
of (2.151) for Nc = 30).
Regional Large Running of Spectral Index
From the last subsection, the spectral index is
ns−1≈− 4NDBIe
NDBIe < Nc , (2.152)
ns−1∼ 4NDBIe
NDBIe > Nc . (2.153)
The most interesting information from (2.138) is its smallness due to the power 1/8.
For λB ∼ 1013, λ 1/8B ∼ O(100), which already makes Nc interestingly small. Consid-
ering the more realistic multi-brane case nB .
√
NB leads to even smaller Nc of order
O(10). So such an interesting phase transition may well have occurred within our CMB
scale. Another interesting property is the fact that Eq. (2.138) is independent of the in-
flationary energy scale and the local warp factor of the inflaton branes, so it will be a
rather generic prediction of the IR DBI models.
It is very important how sharp this transition is in terms of e-folds. In section 2.4.3,
we give an estimate of the transition width based on the following approach. For the fa-
miliar case of field-theoretic density perturbations, the super-horizon perturbations can
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be understood as being generated by the random walk of the transverse brane fluctu-
ations within a Hubble time before the modes exit the horizon. Such a random walk
velocity is given by the Hubble energy, and is non-relativistic. As we have discussed,
during or above the stringy phase transition, the main difference is that the Hubble en-
ergy is comparable to or exceeds the rest mass of the brane in a Hubble-size patch. As
a consequence the brane fluctuation speed becomes relativistic. We therefore use the
same physical picture underlying the familiar theory, but generalize it relativistically to
estimate the behavior of the density perturbations across the phase transition. The result
is given in (2.146).
It is worth noting that this scenario has marked differences to several other cases com-
monly discussed in the literature. Firstly, this model has a scale-varying running of
ns, in contrast to the commonly investigated empirical ansatz, where the running of ns
is assumed to be constant. Here the large running of ns is only regional, principally
when NDBIe . Nc. Secondly, this scenario can generate large running, in contrast to
most slow-roll scenarios. A standard slow-roll potential predicts very small running of
ns. A transient, large dns/dlnk can be caused by some “mild features” in the poten-
tial. For example, for small field slow-roll inflation, to generate a large transition for
ns from blue to red, the mild feature should be a potential shape changing from con-
cave to convex. Since the spectral index is still close to one, the slow-roll parameters
for this case should still be at least of order 0.1. So such a case predicts unobserv-
able non-Gaussianities. Lastly, non-standard choice of vacua may also cause observable
running of spectral index. Such a running will be oscillatory in the WMAP window
and phenomenologically distinguishable from the phase transition in IR DBI inflation.
Interested reader are referred to the appendix of Ref.[54] for detailed discussions.
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2.4.4 Large non-Gaussianity and Small Tensor Mode
The three-point function of the scalar perturbation is reviewed in Chapter 2.2.3. For DBI
inflation, the result becomes
f equilNL ≈−0.32c−2s . (2.154)
For IR DBI inflation, using the relation (2.137), we have [29]
f equilNL ≈−0.036β 2(NDBIe )2 . (2.155)
The observational bound is −256 < f equilNL < 332 [55]. Comparing UV and IR DBI
scenario, we see that the running of non-Gaussianities for these two cases are opposite,
as dictated by the background geometry scanned through by the rolling inflatons.
However, we emphasize that the above results are derived in the regime where the
primordial fluctuations are field-theoretic. Therefore the results can be different when
the stringy phase transition happens. As we will see, data analysis suggests that the
critical scale kc for that transition lies somewhere near the largest scales. For those
smaller scales, it seems reasonable to assume that the magnitude of Eq. (2.155) should
be smoothly modified by the stringy corrections. So in this paper, we will use this field-
theoretic approximation (2.155) and the bound | f equilNL |< 256.
For DBI inflation, the scalar and tensor perturbations can be written as follows,
Pζ =
H4
4pi2φ˙2
=
H4
4pi2 T (φ)
, (2.156)
Ph =
2H2
pi2M2Pl
, (2.157)
where T (φ) ≈ φ˙2 is used since the brane if essentially moving at the speed limit. The
tensor to scalar ratio is
r ≡ Ph
Pζ
=
24φ4
λBV0
. (2.158)
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Because V0 = 3H2M2Pl is almost a constant in this model, the fact that the scalar and ten-
sor modes have different horizon sizes during inflation makes no difference to (2.158).
From Section 2.4.2, we see that, at the scale of NDBIe , φ ≈ HR2B
√
nBT3/NDBIe . So we get
r ≈ 8
NDBIe
4 (HRB)
2 nBR
2
BT3
M2Pl
. 1
NDBIe
4
nAh4A
NB
nB
NB
. (2.159)
This is of course consistent with the Lyth bound [45, 27, 56], since the r.h.s. of (2.159)
is just the square of ∆φ/∆Ne in Planck units divided by (NDBIe )2, as we can see from
(2.107), (2.117) and (2.126). To ignore the probe brane back-reactions we need γnB
NB. So
r 1
NDBIe
4γ2
< 10−6 , (2.160)
which is unobservably small. Therefore in our data analyses, we always set r = 0.
2.4.5 Constraints on Microscopic Parameters
In this chapter we identify the set of microscopic parameters of the model, and list
self-consistency constraints and the observables. As discussed in Chapter 2.4.3, we can
estimate the power spectrum at all scales across the transition region by the following
formula,
Pζ =
4pi2v2T3
γ4φ˙2
, (2.161)
where
v2T3 =
φ4
nBλB
[
1−
(
1+
nBλBγ4H4
32pi4φ4
)−2]
. (2.162)
These equations relate the fundamental parameters to the observations. We will al-
ways choose initial position and velocity of branes so that all the observable scales are
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within the attractor solution, namely the total e-folds is larger than the minimum re-
quirement. So these initial conditions will not enter the observables. The parameters V0
and β determine the scale and shape of the relevant part of the potential, λB/nB char-
acterizes the background geometry, and RB tells us where to end the inflation (i.e. at
φend =
√
32pi2/27
√
λB/RB). So these four parameters determine the zero-mode evo-
lution of the spacetime background and the inflaton dynamics in terms of the number
of inflationary e-folds to the end of the inflation. In particular this determines the evo-
lution of γ , φ/√nB and H in (2.161) and (2.162). Note that we can write the factor
h4BT3 in (2.162) in terms of φ/
√
nB and λB/nB = 2pi2NB, h4BT3 = (φ/
√
nB)4/(λB/nB),
so this is also determined. Because the factor φ˙2 appears in the denominator of (2.161),
the parameter nB affects the overall scale of Pζ , but does not affect the spectral index
once λB/nB is fixed. In conclusion, we have five parameters {λB, nB, RB, V0, β}.
These parameters are equivalent to five even more fundamental microscopic parameters
{NB, nB, msg−1/4s , nAh4A, β}.
We have the following observables:
1. The amplitude of the power spectrum Pζ ≈ 2.3× 10−9. Through (2.136) and
(2.141) this roughly determines the order of magnitude of the parameters λB or
nBβ 4 depending on whether the pivot point Ne is smaller or larger than Nc.
2. The scale-dependence of Pζ . This determines the spectral index and its running.
Since the spectral index of this model has a regional large running, the data will
constrain at which scale (kc) such a running happens and which DBI e-fold (Nc)
it corresponds to. These are then transferred into some delicate relations with the
microscopic parameters, e.g. (2.149) and (2.130).
3. Non-Gaussianity constraint γ < 28, will mainly constrain β (with some weak
dependence on NDBIe ).
4. We have the following several consistency relations. First, a scale k is related to
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the corresponding Ne by
Ne = 65− ln k
0.002 Mpc−1
+ ln
H/cˆs
Treheat
, (2.163)
where the reheating is assumed to be efficient5 so that Treheat =V
1/4
0 , and cˆs is the
sound speed when the mode k = 0.002 Mpc−1 crossed the sound horizon.
Second, according to the multi-throat brane inflationary scenario, the maximum
number of the inflaton branes is bounded by the flux number M. Since NB = K M
and we want to keep the minimum warp factor (2.121) small, we require
nB .
√
NB/gs . (2.164)
Third, the geometric constraints (2.82) and (2.83) give an upper bound on msg
−1/4
s ,
ms
g1/4s
. 23/2pi11/4 MPl
N3/4B
, (2.165)
where the approximate numerical factors come from the toroidal compactification,
M2Pl =
2
(2pi)7 g
−2
s m
8
sV6, which may change for more realistic setups.
Fourth, the warp factor hA ≤ 1 and nA = nB 6, so
nAh4A ≤ nB . (2.166)
Lastly, the inflationary scale and the string scale are both bounded below by TeV,
nAh4AT3 ≥ TeV4 , (2.167)
msg
−1/4
s ≥ TeV . (2.168)
5For single-throat reheating, the brane-antibrane pairs immediately (in terms of the Hubble time) an-
nihilate and decay into relativistic particles and start the usual radiation-domination epoch. For tunneling
reheating such as double-throat reheating, (2.163) may receive some small modifications due to a long
intermediate matter-domination epoch [51].
6Among all the branes rolling out from the B-throat, only those which annihilate antibranes have
significant contributions to the density perturbations. We will denote this number as nB. More generally,
antibranes that get annihilated can reside in different A-throats. Due to different warp factors, each
annihilated brane pairs can have different contributions to reheating energy. These subtleties will only
affect the microscopic interpretation of the parameters (such as nAh4A).
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(These two bounds turn out to be very weak. Much stronger ones will arise from
the data analyses.)
We set gs = 0.1 in our analysis. Reducing gs may loosen some bounds and allow
some microscopic parameters to take wider ranges. But this should not change
the model predictions qualitatively.
2.4.6 Constraining IR-DBI Inflation Using CMB Data
First, as detailed in Chapter 2.4.3, we notice that the primordial power spectrum pre-
dicted by the IR DBI model can be approximated by the following analytical form:
Pζ = H
2δ t2 =
324pi2
nBβ 4NDBIe
4
[
1− N
16
c
(N8c +NDBIe
8)2
]
. (2.169)
This is parameterized by three effective parameters: Nc, lnkc, and nBβ 4, where kc is the
critical scale near which the stringy phase transition happens,
NDBIe = ln(kc/k)+Nc . (2.170)
After verifying that these three parameters appear to have a simple likelihood sur-
face in a trial MCMC analysis, we relate the five microscopic parameters to these three
parameters through approximate analytical expressions.
The relation to Nc is simple and given by (2.149),
Nc =
√
6pi1/4
N1/8B
β 1/2
. (2.171)
The kc is defined as the value of k at NDBIe = Nc. Using the relations (2.130) and
(2.163), we get
Nc+NNRtot = 65− ln
(
kc
0.002 Mpc−1
)
+ ln
(
H
cˆsTreheat
)
. (2.172)
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Using the approximation (2.129), expressing H, RB, V0 in terms of NB, nAh4A and gs/m
4
s ,
we obtain
ln
(
kc
0.002 Mpc−1
)
≈ 65−Nc+ ln 1√
6pi3/4cˆs
+
3
αβ
ln
1√
6pi5/4
+
3
4αβ
lnNB
+
(
1
4
+
3
2αβ
)
lnnAh4A−
(
1
4
+
3
4αβ
)
ln
gs
m4s
, (2.173)
where
αβ = (−9+
√
81+36β )/2 . (2.174)
Here, cˆs is the sound speed when the mode k = 0.002 Mpc−1 crosses the sound horizon;
we can also approximately express it in terms of the five microscopic parameters. But
the detailed expression will complicate the relation. For our purpose, since cˆs varies
slowly from 0.01 to 0.1, treating it as a constant should not cause problems for the
reparameterization.
These expressions suggest that the following set may prove to be a successful reparam-
eterization of the microphysical parameters that can be effectively explored by MCMC:
α˜1 = Nc =
√
6pi1/4
N1/8B
β 1/2
,
α˜2 =
3
4αβ
lnNB ,
α˜3 =
(
1
4
+
3
2αβ
)
lnnAh4A ,
α˜4 =
(
1
4
+
3
4αβ
)
ln
gs
m4s
−
(
3ln
1√
6pi5/4
)
1
αβ
,
α˜5 = lnnBβ 4 . (2.175)
The relation between these new parameters, {α˜}, and the effective parameters, {θ} =
{Nc, lnkc,nBβ 4}, is very clear. Two of them are identical, and the rest, α˜2, α˜3, and α˜4,
all have approximately linear relationships to lnkc through (2.173).
We adopt the reparametrized microscopic parameters {α˜} and the standard set of
cosmological parameters {ωb ≡ Ωbh2, ωm ≡ Ωmh2, θA,τ} as the model parameter set
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sampled by the MCMC. Here, θA is the angular size of the acoustic horizon and func-
tions as a proxy for the Hubble constant H0≡ 100h km/s/Mpc orΩm, and τ is the optical
depth to reionization. The universe is assumed to be spatially flat. Constant priors are
assumed over the previously specified parameter set {α˜}, subject to the microphysical
cuts described below.
For each set of {α˜} sampled by the MCMC, the relations (2.175) are numerically in-
verted to obtain the set of microscopic parameters {NB, nB, nAh4A, g−1/4s ms, β}. This
inversion is bijective in the parameter ranges of interest. The microscopic parameters
are then fed into a numerical code. After checking the input parameters for a set of
conditions (2.164) (2.165) (2.166) (2.167) (2.168) which enforce model-building self-
consistency, the code computes the primordial power spectrum of the curvature pertur-
bation for the model specified by the input parameters. Input parameters which fail to
satisfy the microphysical cuts are rejected through being assigned zero likelihood in the
MCMC. The primordial power spectrum from this code is fed to the Boltzmann code
CAMB [57], without significantly increasing the computational time, in order to calcu-
late the cosmological observables.
We use a modified version of the CosmoMC code [44] to determine constraints placed
on this parameter space by the WMAP three-year cosmic microwave background data
[38, 41, 39, 40] and the SDSS Luminous Red Galaxy (LRG) galaxy power spectrum
data [42]. We marginalize analytically over the linear bias factor b and the non-linearity
parameter Qnl of the SDSS LRG data as is done normally in the CosmoMC code. A
properly derived and implemented MCMC draws from the joint posterior density once
it has converged to the stationary distribution. We use eight Markov chains and a conser-
vative Gelman-Rubin convergence criterion on the eigenvalues of the parameter covari-
ance matrix to determine when the chains have converged to the stationary distribution.
Then we re-weight the MCMC to switch to constant priors on the microscopic parame-
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ters {α}= {log10 NB, log10 nB, β , log10 nAh4A, log10 ms/g1/4s }.
Following this process, we would like to apply the observational non-Gaussianity
bound −256 < f equilNL < 332 (95% C.L.) [55], as this should have a significant effect on
restricting the allowed parameter range for β and other parameters which are correlated
with it. This is because γ is roughly proportional to β , and f equilNL =−0.32γ2. However,
two approximations enter in applying this constraint. First, the observational constraint
was obtained using an estimator that does not encode the specific scale-dependence of
the IR DBI model, and it also does not restrict f equilNL < 0. Second, Ref. [55] only gives
a 95% confidence level of the result, and hence a full Bayesian posterior is not avail-
able for this parameter. In order to make use of this constraint despite these limitations,
firstly we assume that the constraint of Ref. [55] is the effective constraint at k = 0.02
Mpc−1, which is approximately the best constrained scale with the current data compi-
lation [58, 59]. Secondly, we choose a Gaussian prior on f eqNL(0.02 Mpc
−1) which has
the 95% C.L. range found by Ref.[55], since the maximally uninformative prior in the
case that only a single confidence range is available has a Gaussian form. We apply
this prior to the chains, verifying that the convergence criteria still remain satisfied. Fi-
nally, we obtain parameter constraints on the microphysical parameters, cosmological
parameters, cosmological observables, and derived model parameters, which we present
in Tables 2.1–2.2 and Figs. 2.19–2.24.
2.4.7 Summaries and Discussions
We conclude this chapter by highlighting the main results and discussing their physical
implications. The quoted ranges are at the 95% confidence level, and we have combined
constraints from both the power spectrum and non-Gaussianity. The detailed 68% and
95% C.L. marginalized constraints and the maximum likelihood values are listed in
Table 2.2.
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Figure 2.19: The marginalized 2D-joint 68% and 95% probability contours (solid lines in off-
diagonal panels) and 1D marginalized probability distribution (diagonal panels)
for the microphysical IR DBI parameters. The color coding shows the marginal-
ized probability density in these 2D parameter spaces, ranging from red for the
highest density to blue for the lowest.
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Figure 2.20: Marginalized posterior probability distribution functions obtained from the
MCMC analysis for observables and derived quantities of interest. The functions
are normalized such that the area under the curve is one.
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ized probability density in these 2D parameter spaces, ranging from red for the
highest density to blue for the lowest.
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Figure 2.22: Reconstructed 68% (dark) and 95% (light) C.L. constraints on the primordial
scalar power spectrum for the IR DBI model. The range of scales spanned by
WMAP and SDSS LRG data (which were used in the fit) and the smaller scales
covered by Lyman–α data (which were not) are shown for reference. For com-
parison, the dashed lines show the corresponding 68% and 95% constraints for
(Upper) single-field slow-roll inflation, taken from Ref. [58] fitted to the WMAP
and SDSS main galaxy sample data [60], and for (Lower) the empirical power
law ansatz where the primordial power spectrum is described by its amplitude at
a pivot scale, the spectral index ns, and its running dns/dlnk, fitted to WMAP,
SDSS LRG and Supernova Legacy Survey [43] data.
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Table 2.1: The best fit χ2, defined as χ2 =−2lnLmax (whereLmax is the maximum likelihood
with respect to the WMAP 3 year data and the SDSS LRG galaxy power spectrum
data) for the standard ΛCDM model and the IR DBI scenario analyzed in this work.
A Gaussian prior on f equilNL has been applied based on the WMAP 3 year constraint
on this parameter from Ref. [55]. For the ΛCDM model, the fNL constraint has been
applied assuming f equilNL = 0. The IR DBI model gives a slightly better (lower) χ
2
for this dataset than the ΛCDM model. The primordial power spectrum is described
by five microphysical parameters in the former, and two empirical parameters (an
amplitude and a power law index) in the latter. When we consider that the IR DBI
observables are described phenomenologically by the three effective parameters Nc,
lnkc, and nBβ 4, to which the microphysical parameters are related, we can see that
the IR DBI model has roughly one extra degree of freedom over the ΛCDM model,
which one expects to give a ∆χ2 ∼ 1 improvement in the fit. Since this is in fact what
we see, there is no indication of a preference in the data for the IR DBI model.
Model Best fit −2lnLmax (WMAP+SDSS LRG)
ΛCDM 5374.04
IR DBI 5373.11
Figure 2.23: Reconstructed 68% (dark) and 95% (light) C.L. constraints on the scale depen-
dence of the running of the spectral index, dns/dlnk, showing a mild indication
for a “running of the running”.
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Table 2.2: Constraints on the IR DBI model from the WMAP and SDSS LRG data-sets (mean,
upper and lower 68% and 95% C.L., marginalizing over all other parameters), and the
maximum likelihood values of the parameters found in the MCMC. A Gaussian prior
on f equilNL has been applied based on the WMAP 3 year constraint on this parameter
from Ref. [55].
Parameter Marginalized Constraint Maximum Likelihood
Ωbh2 0.02145+0.00071+0.00138−0.00071−0.00138 0.02162
Ωch2 0.1070+0.0042+0.0086−0.0044−0.0082 0.1058
τ 0.089+0.030+0.060−0.030−0.061 0.094
H0 71.2+1.8−3.9−1.9−3.7 72.1
log10[nB] 4.64
+0.30+0.45
−0.32−0.70 4.93
log10[ms/g
1/4
s /MPl] −6.71+1.04+1.43−1.07−2.89 −5.91
β 2.11+0.63+1.63−0.60−0.85 1.77
log10[NB] 9.48
+0.39+0.93
−0.39−0.70 9.15
log10[nAh
4
A] 1.41
+2.64+3.34
−2.82−8.02 0.585
log10[V
1/4
0 /MPl] −6.95+1.25+1.83−1.34−3.09 −6.36
Nc 35.7+6.8+11.7−7.3−12.6 34.1
log10 [kc/Mpc] −4.15+0.81+1.21−0.81−1.82 −3.86
NNRtot 18.4
+3.3+5.8
−3.2−5.7 20.5
NDBIe (10
−5/Mpc) 38.4+5.6+9.1−6.1−10.7 37.6
log10[(nAh
4
A/nB)
1/4] >−2.36 (95% C.L.) −1.09
log10[(hAms/g
1/4
s )2/(16pi2)/M2Pl] −17.2+2.4+3.5−2.6−6.0 −16.2
ns (0.02/Mpc) 0.943+0.016+0.032−0.016−0.031 0.946
dns/dlnk (0.02/Mpc) −0.021+0.008+0.011−0.009−0.025 −0.021
γ (0.02/Mpc) 19.9+3.6+9.3−3.4−5.1 16.8
f equilNL (0.02/Mpc) −131+44+61−45−141 −91
89
Figure 2.24: Reconstructed 68% (dark) and 95% (light) C.L. constraints and mean (dashed) for
the non-linearity parameter f equilNL for the IR DBI model, as a function of scale.
Note that DBI inflation predicts f equilNL < 0, and the absolute value is plotted for
convenience. The range of scales spanned by WMAP data are shown, as well as
the WMAP 95% lower limit f equilNL > −256 (solid line), from an analysis which
treated f equilNL as scale-independent [55].
Microscopic Parameters
• Shape of the inflaton brane moduli potential: 1.3 < β < 3.7. The lower bound
is due to constraints from the power spectrum, while the upper bound is due to
the non-Gaussianity constraint. It is encouraging that, while IR DBI inflation can
happen for a range of β that varies over nearly 10 orders of magnitude, 0.1 .
β < 109 (see Eq. (2.120)), comparison with data picks out a very small range
around O(1) which is generically expected theoretically. This makes an explicit
construction of such potentials a more interesting question.
• Fundamental string scale: −9.6< log10(ms/MPl)/g1/4s <−5.3. The upper bound
on the string scale is due to the large charge, and hence length scale, of the B-throat
required to fit the amplitude of the density perturbations. The lower bound is due
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to the fact that a smaller string scale tends to increase the total number of e-folds
of non-relativistic fast-roll inflation, and make the running of the spectral index
too large (Fig. 2.21). The model prefers an intermediate fundamental string scale,
108 GeV<ms/g
1/4
s < 1013 GeV, and therefore an intermediate large volume com-
pactification, 8.9×107 <V 1/6MPl < 4.8×1013, where V is the compactification
volume.
• B-throat charge: 8.8< log10 NB < 10.4; Number of inflaton branes: 3.9< log10 nB <
5.1. In terms of the GKP-type warped compactification, this implies flux numbers
K ∼ M ∼ √NB ∼ O(105). Explicit construction remains an open question. In
the multi-throat brane inflation scenario, inflaton branes are generated from flux-
antibrane annihilation. The number of branes generated in this process is roughly
determined by the flux number M. Indeed, a small number of inflaton branes is
ruled out by the data.
• A-throat minimum warp factor: −2.4 < log10 hA ≤ 0. This is from combining
the constraint on nB and nAh4A, hA = (nAh
4
A/nB)
1/4. A smaller hA leads to larger
NNRtot and larger running of the spectral index (Fig. 2.21). So the A-throat tends
to be short. This makes tunneling reheating possible, where many interesting
phenomena can occur, such as an intermediate matter-dominated epoch.
Secondary Derived Parameters
• Inflationary phases. In this model, not all e-folds comes from IR DBI inflation.
The last 13 < NNRtot < 24 e-folds come from non-relativistic fast-rolling inflation,
which is possible because inflatons are close to the top of the potential.
• The stringy phase transition. The Hubble-expansion induced stringy phase transi-
tion happens at the largest scales in the sky, −6.0 < log10 kc/Mpc <−2.9. How-
ever its impact on density perturbations extends over to shorter scales, such as
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generating a transient large running of the spectral index.
• Inflation scale: −10.0 < log10V 1/40 /MPl < −5.1. This gives a very small tensor
to scalar ratio rT S < 10−13.
• Cosmic string tension: −23 < log10 GµD + log10 g1/2s < −14. Here the cosmic
strings refer to the D-strings left over from the brane-antibrane annihilation in
the A-throat, whose tension is GµD = (mshA/g
1/4
s MPl)2/(16pi2g
1/2
s ). There is an
unconstrained freedom coming from the additive factor log10 g
1/2
s , but it is not
expected to give any significant contributions. The F-string tension differs by a
factor of gs, µF = gsµD.
Observational Predictions
• Large, but regional, running of spectral index: −0.046< dns/dlnk(k= 0.02/Mpc)<
−0.010. A reconstructed full-scale power spectrum and the running of the spectral
index are shown in Fig. 2.22 & 2.23.
This prediction is stringy in nature. A better understanding of the theoretical de-
tails and better measurements of both the power spectrum and non-Gaussianities
on the relevant scales may reveal finer structures. In future experiments, Planck is
expected to achieve σ(dns/dlnk) = 0.005 [61].
• Large non-Gaussianities: −272< f equilNL (k = 0.02/Mpc)<−70. A reconstructed
full-scale prediction is in Fig. 2.24, which shows the running of the non-Gaussianities.
This prediction is strictly speaking field-theoretic, but with strong string theory
motivations, such as warped compactification and the DBI brane action. This
field theoretic regime is k > kc; the theoretical analysis for non-Gaussianities at
k . kc is currently unavailable and remains an interesting open question. In fu-
ture experiments, on CMB scales, Planck can achieve σ( f eqNL) = 67 [62, 63]; on
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large scale structure scales, some high-z galaxy surveys can reach similar or better
precision [33].
As seen from these results, constraints from cosmological data, and even relatively
loose constraints such as the non-Gaussianity constraint, are already putting strong re-
strictions on the IR-DBI model. With more precise data coming in the near future, we
expect even tighter constraints or detection of the above mentioned observable signa-
tures.
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2.5 Sharp Features in Brane Inflation
In this chapter, we show that brane inflation is very sensitive to tiny sharp features in
extra dimensions, including those in the potential and in the warp factor [64]. This can
show up as observational signatures in the power spectrum and/or non-Gaussianities of
the cosmic microwave background radiation. One general example of such sharp fea-
tures is a succession of small steps in a warped throat, caused by Seiberg duality cascade
using gauge/gravity duality. We study the cosmological observational consequences of
these steps in brane inflation. Since the steps come in a series, the prediction of other
steps and their properties can be tested by future data and analysis. It is also possible
that the steps are too close to be resolved in the power spectrum, in which case they
may show up only in the non-Gaussianity of the CMB temperature fluctuations and/or
EE polarization. We study two cases. In the slow-roll scenario where steps appear in
the inflaton potential, the sensitivity of brane inflation to the height and width of the
steps is increased by several orders of magnitude comparing to that in previously stud-
ied large field models. In the IR DBI scenario where steps appear in the warp factor, we
find that the glitches in the power spectrum caused by these sharp features are generally
small or even unobservable, but associated distinctive non-Gaussianity can be large. To-
gether with its large negative running of the power spectrum index, this scenario clearly
illustrates how rich and different a brane inflationary scenario can be when compared
to generic slow-roll inflation. Such distinctive stringy features may provide a powerful
probe of superstring theory.
2.5.1 Sharp Features from Duality Cascade
Let us consider the sharp features in the context of the IR-DBI scenario. The inflaton
φ is related to the position of nB 4-dimensional space-time filling D3-branes. They are
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moving out of the B throat into the bulk and then falling into the A throat. For simplicity,
we assume that the B throat is a K-S throat. The warped factor for the B throat around
the pthl duality transition (starting from the bottom of the throat) is simplified to [47, 64]
h4(r)' r
4
R4B
K
pl
(1+∆) , ∆=
K
∑
pi
3gsM
16pi
1
p3
[
1+ tanh
(
r− rp
dp
)]
, (2.176)
where h(r = RB)' 1 at the edge of the throat. Here rp is the positions of the steps, the
initial pi 1 so that the warped factor formula is approximately good, and dp controls
the width of the step. The steps has a constant separation in lnr, that is, lnrp+1− lnrp '
2pi/3gsM. As one moves down the throat (r and p decreasing), note that the step in the
warped factor h4(r) of the K-S throat is going down. See Figure 2.25. This stepping
down happens at each Seiberg duality transition. Together, they form a cascade [65].
For large K, one encounters K− 1 steps as one approaches the infrared. Note that we
are ignoring smooth corrections to the shape of the warp factor even though they may be
larger than the step size. This is a reasonable approximation since it is the sharp features
that will show up as distinctive features in the CMBR. If the throat has relatively few
steps, or if the steps are well separated, the impact of individual step on CMBR may
be observable. Otherwise, the steps may be too close for them to show up in the power
spectrum.
In the original K-S throat solution, they take the approximation where the dilaton is
constant. Here the dilaton factor, e−Φ, runs in general and is φ dependent. However,
for the IR DBI inflation model we discuss in this paper, most of the DBI e-folds are
generated at the tip of the throat where HR2B/Ne < r < HR
2
B. At the same time, the
brane moves across roughly gsM steps [54]. The running of the dilaton can be ignored
if gsM pl , which is most easily satisfied with a small gs. Furthermore, the WMAP
data only covers a few e-folds, which corresponds to 3gsM/Ne steps, so we only need
pl & gsM to safely ignore the dilaton modification to the kinetic term. In this paper,
when we discuss the IR DBI inflation, we always absorb eΦ into gs as a constant, so it
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Figure 2.25: The warp factor h(r) in the K-S throat, including the steps. Here r is measured in√
α ′ with RB ' 100, gs = 2, M=20,K = 10 and N = 200. The width d = 10−3.
In this figure, there are actually 4 steps, located at r ' 73, r ' 82, r ' 89 and
r ' 95, although the step at r ' 95 is too small to show up. Here, the parameters
(in particular, a large gsM) are chosen so that at least 3 steps are big enough to
show up in the figure. This leads to relatively large corrections to the positions
of the steps. Other parameters should be used in more realistic situations and in
comparison with data.
will never appear explicitly in our analysis.
2.5.2 Steps in Slow-Roll Brane Inflation
In the slow-roll scenario, let us assume that inflation takes place as the brane moves
down the throat. Since the dilaton runs, the slow-roll potential is given by
VSR(φ) =V (φ)+T (φ)(e−Φ(φ)−1) . (2.177)
Here, the second term in the potential does not vanish, so the step in T (φ) shows up in
the potential. Again, we may consider both step up and step down cases.
Before we proceed, we mention two other possibilities that will not be studied in more
detail in this paper. Suppose the warp factor steps down as r increases. As the inflaton
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moves down the throat, it encounters such steps. If the height of any particular step is
too big, then the inflaton cannot overcome it so its classical motion towards the bottom
of the throat is stopped. Let us say this happens at r = rp. It can still move along
the S3× S2 angular directions. In a realistic model, the S3× S2 symmetry is slightly
broken so the inflaton would move along the steepest angular direction, until it reaches
the lowest point at this radius rp. If the step there is lessened so that the inflaton can roll
over it, the inflaton can continue to roll down along r until it reaches the next step. This
process can repeat some number of times. As a result, the inflaton path is substantially
longer than just moving down along r. Effectively, this may substantially extend the
field range and enough e-folds of inflation is much more likely.
Another possibility is that the brane can tunnel over the step barrier. Recent analysis
of the tunneling of branes suggests that, under the right condition, the brane may tunnel
very easily across a potential barrier that is not particularly small [66]. If this is the case,
then the brane may roll along some angular direction until it reaches such a position
and tunnel right over the potential barrier there. It can then roll down along r until it
reaches the next step. Again, this process can repeat any number of times, as a result,
the inflaton path is again substantially longer than just moving down along r, allowing
the generation of many e-folds.
In the following, we consider the scenarios where the inflaton can roll over many steps
in the potential.
The Position of the Steps
The duality cascade predicts more than one step, so it is interesting to ask where the
steps are. Assume there is a step at the l ' 20 in the CMBR, which may be checked
with a non-Gaussianity measurement. Let us further assume that there is another step
at l ' 2, (the significance of the signal at l = 2 in power spectrum is much smaller than
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that in l ' 20 due to the large cosmic variance, so we assume this mainly for the purpose
of illustration). We now show that the location of all the steps in the duality cascade can
be determined by given the locations of two such adjacent steps.
Using l ∼ 104(k/Mpc−1), we find
−dNe ' dlnk ' dln l ' Hdt ' Hφ˙ dφ , (2.178)
Since both H and φ˙ are slowly varying during inflation, we have
dln l ∝ dφ . (2.179)
Suppose φ is decreasing (going down a throat), also suppose that the step at l = 2 is at
φm0 and that at l = 20 is at φm0+1, we have
φm0
φm0+1
' φm0+1
φm0+2
' ...' e2pi/3gsM. (2.180)
For large gsM, this ratio is close to unity, e2pi/3gsM ' 1+ δ , so φm0 −φm0+1 ' φm0+1−
φm0+2 ' φm0+1δ . Due to (2.179), equal spacing in φ implies equal spacing in ln l. So we
find that the next two steps are at around l ' 200 and l ' 2000 respectively. In addition,
the effect of the step at multiple moment l should span over ∆l multiple moments with
∆l ∝ l.
The Power Spectrum
To see the full details of the effect of a step in potential, numerical calculation is nec-
essary. However, the qualitative behavior can be estimated as follows. The step in the
potential is typically characterized by two numbers: the depth which we describe as the
ratio ∆V/V ≈ 2c, and the width ∆φ = 2d in unit of Planck mass. We can divide the mo-
tion of inflaton into two parts: acceleration and relaxation. First, the inflaton, originally
moving in its attractor solution, momentarily gets accelerated by the step. The potential
energy ∆V gets converted to kinetic energy. Then after the inflaton moves across the
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step, it starts to relax back to its attractor solution under φ¨+3Hφ˙ ≈ 0, where the Hubble
friction term dominates over the potential.
We first look at the power spectrum. The inflaton velocity in the original attractor
solution is given by |φ˙attr| ≈ |Vφ |/3H ≈
√
εV/3. After the acceleration of the step,
φ˙ ≈√V (3c+ ε/3). (It turns out that the best fit data give comparable 3c and ε/3, so
for the purpose of order-of-magnitude estimate we later will also approximate φ˙ to be
√
3cV .) A useful formula to understand the dip of the glitch in the power spectrum
caused by the step is Pζ = H2/(4pi2φ˙2). The acceleration of inflaton does not change
the H so it reduces the Pζ . The ratio of Pζ between the initial value and the value at the
first dip is related to the corresponding ratio of φ˙ , which is
√
1+9c/ε . For the large
field quadratic inflation, Ref. [67, 68, 69] give the best-fit data, c = 0.0018, ε = 0.009.
As we will see later, the values of c and ε will be rather model-dependent. However the
discussion in this paragraph shows that their ratio should be fixed for a specific observed
feature,
c
ε
≈ 0.2 . (2.181)
Although the above discussion indicates that the depth of the dip is relatively indepen-
dent of d, the peak of the first bump is. When the inflaton moves across the step, energy
conservation requires that 12∆φ˙
2 ≤ ∆V , with the bound saturated when the Hubble fric-
tion is negligible. This will result in an upper bound in the change of ε
∆ε ≈ ∆V/H2 . 5c . (2.182)
We expect that the effect of decreasing d will first enhance the bump, since smaller d
leads to more deviation from the attractor (larger ∆ε), and will enhance the bumps in Pζ
during the relaxation period. However, as long as ∆ε saturates the upper bound (when
d is small enough to ignore the Hubble friction), further decreasing d will not affect the
bumps in Pζ any more, since the relaxation period essentially starts with the same φ˙ no
matter how small d is. So we expect the bump to depend sensitively on d if moving
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Figure 2.26: In the small field case, we show how the step in the inflaton potential changes the
power spectrum. We show the power spectrum in the left panel and the behavior
of ε around the step in the right panel. For illustration, we use the KKLMMT
scenario with only the Coulomb potential. We choose the background flux N =
2000, so ∆φ/MPl . 0.01. The inflation scale V0 ∼ 10−17M4Pl. ε is tiny, typically
ε ∼ 10−11 as shown in the right panel. We introduce a step with c= 8×10−12 and
calculate the power spectrum for four different values of d: (1) d = 3×10−6MPl,
green solid line. (2) d = 1.7×10−6MPl, black solid line. (3) d = 1.7×10−7MPl,
red dashed line. (4) d = 1.7×10−8MPl, blue dotted line. Note that the dip in the
power spectrum depends weakly on d. In case (1) and (2), ∆ε has not saturated
the bound Eq. 2.182, so decreasing d will enhance the bump in Pζ significantly.
In case (3) and (4), where ∆ε is maximized, the bump in Pζ does not depend
sensitively on d, but the range of the oscillations in k-space does. The black solid
line is close to the best fit power spectrum given in Ref. [67, 68].
across the step takes O(1) e-folds, and it becomes relatively insensitive to d when the
step is so sharp that moving across it takes only  1 e-folds. In the latter situation,
reducing d will only increase the extension of the oscillations in PR,
∆k ∼
√
z′′
z
∼ k0
√
c
d
, (2.183)
where k0 is the starting point of the feature. is used.
Ref. [67, 68] fit the l ∼ 20 feature in the WMAP data introducing a step feature in
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the large field slow-roll model and gives the best fit power spectrum. Here we have
numerically reproduced a similar power spectrum for the small field case. We are not
performing a complete data analysis to find the best fit model here, our major emphasis
is to show how the width d comes into play. Fig. 2.26 shows the power spectrum and
ε for four different values of d. The black solid line represents the power spectrum
close to the best fit model given in Ref. [67, 68], with c = 8× 10−12, we find that
d = 1.7×10−6MPl.
Non-Gaussianities
Now let us look at the bispectrum. For slow-roll inflation, the 3-point function of the
scalar perturbation ζ (τend,k) includes terms proportional to ε2, ε3, and εη ′ [31]. For
the slow-roll potential without any features, the first terms dominate. Comparing to
WMAP’s ansatz, it gives the non-Gaussianities estimator fNL =O(ε).
In the presence of sharp features, from (2.182) we see that ε still remains small, .
O(0.01). But η ′ can be much larger. Therefore, the leading three-point correlation
function is given by the term proportional to εη ′ [49],
〈ζ (τ,k1)ζ (τ,k2)ζ (τ,k3)〉
= i
(
∏
i
uki(τ)
)∫ τ
−∞
dτ ′a2εη ′
(
u∗k1(τ
′)u∗k2(τ
′)
d
dτ
u∗k3(τ
′)+perm
)
(2.184)
×(2pi)3δ
(
∑
i
ki
)
+ c.c. ,
where the “perm” stands for two other terms that are symmetric under permutations
of the indices 1, 2 and 3. The details of such an integration are quite complicated.
Nonetheless we can estimate the order of magnitude of the non-Gaussianity estimator
fNL by comparing it to the slow-roll case. The most important difference is that here we
replace a factor of ε by η ′, and also η ′ only gets large momentarily. Hence we estimate
f featureNL = O(η
′∆τ) = O(∆η), where ∆τ is the conformal time that the inflaton spends
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crossing the step.
To estimate the level of these non-Gaussianities, we now give a qualitative estimate
for η ′ [49]. During the acceleration period, the ε is increased by
∆ε ≈ ∆V/H2 ≈ 5c . (2.185)
The duration of this period is
∆taccel ≈ ∆φ/φ˙ ≈ d/
√
cV , (2.186)
where we used φ˙ estimated in Chapter 2.5.2. These can be further used to estimate
∆η ≈ η = ε˙
Hε
≈ 7c
3/2
dε
, (2.187)
The time scale for the relaxation period is of order H−1, during which η is O(1) and ˙˜η
are of order O(H).
We sum over the contributions from both the acceleration and relaxation periods. The
former gives f accelNL ≈ 7c3/2/(dε), the latter gives f relaxNL = O(1). So for most interesting
cases where non-Gaussianities are large enough to be observed, it can be estimated by
the first contribution,
f featureNL ∼
7c3/2
dε
. (2.188)
We note that this is only a crude order of magnitude estimation on the amplitude of this
non-Gaussianity, since the integration (2.185) also involve mode functions uk which will
be modulated by the presence of the sharp feature, and the shape and running of such
non-Gaussianities are very important. Details have to be done numerically, as in [49].
Qualitatively since we have argued in Chapter 2.5.2 that for a specific observed feature
the c/ε is hold fixed model-independently, (2.188) implies that the value of d is very
crucial to the level of the non-Gaussianities. There are two major constraints on d. First,
in the power spectrum, as shown in Fig. 2.26 the bump in Pζ may depend sensitively on
d. Second, the range of oscillation in Pζ (k) is also controlled by d. If d is too small, the
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oscillation in Pζ (k)might spread over to the well measured first acoustic peak in WMAP
Cl curve. Numerically, we have found that
√
c/d ∼ O(1), consistent with (2.183), so
the magnitude of (2.188) should be close to that in Ref. [49].
It is instructive to split this expression to f featureNL ∼ 7c/ε ·
√
c/d. The first factor is
determined by the amplitude of the glitch from (2.181), while the second factor is the
extension of the glitch from (2.183). Note both are in the k-space not the CMB multi-
pole l-space. Therefore in principle a sharp feature can also appear only in the 3-point
function. This is clear from our estimation (2.181) and (2.188), where one can reduce
c/ε while increase c3/2/(dε).
Our analyses so far do not depend on the whether the inflation is caused by large
field or small field, but when it comes to the quantitative analyses the differences are
interesting. For large field inflation ε ∼ η while for small field inflation ε  η . For
example, previous numerical works focus on the large field quadratic potential, and
give the best fit ∆V/V ∼ c ∼ 0.2ε ∼ O(10−3). Brane inflation is a small field inflation
[37] and ε is much smaller, ε ∼ O(10−6) or even O(10−12). Similarly the field range
d (in units of MPl) is also much smaller. So brane inflation is sensitive to very tiny
steps present in the potential. This can be potentially used as a sensitive probe to the
fundamental theory.
2.5.3 Steps in IR DBI Inflation
In the relativistic regime with t−H−1, the IR-DBI attractor solution is
φ '−
√
λB
t
(
1− 9
2β 2H2t2
)
, γ ' βH
3
|t| . (2.189)
This zero mode evolution relies on the background warped geometry, so it is reliable in
regions where the back-reaction deformation from Hubble expansion is small [28, 51].
This still leaves at least two interesting regions for primordial fluctuations: the field
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theoretic region (corresponding to smaller Ne and shorter scales) and the stringy region
(corresponding to bigger Ne and larger scales). The spectral index transitions from red
to blue [28, 29]. Detailed estimates can be found in Ref. [54].
We now consider the effects of sharp features in the warped geometry on this IR DBI
model. The duality cascade will leave sharp features on the warp factor T (φ) but not the
inflaton potential V (φ). Since the WMAP window spans a few e-folds, corresponding to
branes rolling across ∆l ≈ 3gsM/NDBIe duality cascades in a Klebanov-Strassler throat.
In this paper we will mainly treat the steps as individual sharp features, namely they
are well separated in terms of e-folds and sufficiently sharp to generate observational
signature individually. For this purpose, we would like to consider the situation where
gsM . NDBIe . (2.190)
In the multi-throat brane inflation scenario, the number of inflaton branes generated in
B-throat is roughly determined by the flux number M. Since the number of inflaton
branes is constrained to be around 104 ∼ 105 [54], the condition (2.190) implies a small
gs . 10−3.
It is also very natural that gs takes value larger than 10−3. In this case, the branes come
across many steps within a single e-fold. We will discuss this case in Chapter 2.5.5.
The Properties of the Steps
Here we like to make a crude estimate on the positions, fractional heights and widths of
the steps, along the line of Chapter 2.5.2 but with more detailed numbers. The input is
the position, fractional height and width of the step at l ∼ 20 as well as the position of
the assumed step at l ∼ 2. Let r = r0 ' RB be the edge of the throat and r = rb at the
bottom of the throat. They are related by the warp factor h(φb) = hB,
rb ∼ r0hB ∼ r0 exp
(
− 2piK
3gsM
)
. (2.191)
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We are interested at regions where rb r r0. Thus, given r0 or rb, we can determine
all the other transition values rp. Here p measures (starting at the bottom) the step in the
duality cascade. In the large K  p 1 limit, the correction is small, so we treat the
steps as perturbations. The sharpness of the steps are controlled by the coefficient dp. A
step becomes infinitely sharp as dp→ 0. We shall leave dp as free parameters. Note we
can introduce similar spreads to the running of the dilaton.
The position φp of the steps can be computed. The steps are at φ = φp, where
ln
φp
φb
' 2pi
3gsM
(
p− 1
2p
)
∼ 2pi p
3gsM
. (2.192)
Same as Eq.(2.178) in the slow-roll case, we have
−dNe ' dlnk ' dln l ' Hdt . (2.193)
Suppose the pth step is at lp (or φp), because φ '−
√
λB/t, we get
φp
φp−1
' tp−1
tp
' N0− ln lp−1
N0− ln lp , (2.194)
where we have used the fact that H is approximately a constant, and N0 is the number
of e-folds (at the largest CMBR scale) to the end of DBI inflation, for example N0 ≈ 38
[54]. On the other hand, duality cascade relates the position of the adjacent steps
φp
φp−1
= exp
(
2pi
3gsM
)
. (2.195)
Suppose the feature at lpi+1 ∼ 20 is due to such a step, and suppose the feature at lpi ∼ 2
is also due to a step (not just cosmic variance). That is, pi labels the initial or the first
observable step. Then, taking N0 = 38, we see that the next 2 steps should be at
lpi+2 ∼ 170 lpi+3 ∼ 1300 . (2.196)
We also get a constraints on the microscopic parameters
gsM ≈ 33 . (2.197)
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Now we estimate the value of pi by looking at the dip in the CMB power spectrum at
l ∼ 20. The power spectrum is
Pζ (k) =
H4
4pi2φ˙2
. (2.198)
In IR DBI inflation, the Hubble scale is dominated by the constant
√
V0, so it does not
change across a step in the warp factor. However, since φ˙ closely tracks the speed limit
φ˙2 ∼ h4(φ), it is most sensitive to the step in the warp factor. φ˙2 increasing by a factor
of (1+ 2b) across a step decreases Pζ by a factor of (1+ 2b). The CMB data shows
that around l ∼ 20, there is a dip in the power spectrum by about 20% in k-space, which
gives 2b∼ 0.2. Using (2.176), we have(
3gsM
8pi
)
1
(pi+1)3
∼ 0.2 . (2.199)
Given that gsM ≈ 33 to fit the spacing of the steps, we immediately get
pi = 2 . (2.200)
With input of 4 quantities : the position l ∼ 20, the fractional height (size) ∆T/T ' 0.2
and the width ∆lp ∼ 5 of the 2nd step as well as the position (at l ∼ 2) of the first step,
we can use ∆l ∝ l and ∆T/T ∝ p−3 to get a complete set of predictions:
p l ∆T/T ∆lp
2 ∼ 2 ∼ 0.7 ∼ 1
3 ∼ 20 0.2 ∼ 5
4 ∼ 170 ∼ 0.08 ∼ 40
5 ∼ 1300 ∼ 0.04 ∼ 260
Note that ∆T/T ∼ 0.7 and ∆T/T = 0.2 for the first two steps are probably too big to be
treated as a perturbation. We shall take this to mean that the size of the first step can be
very big.
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We should point out that the warp factor Eq.(2.176) is a good approximation only
when p 1. This condition is also necessary to ignore the running of the dilaton. So
p = 3 is already too small. Moreover, as we will see in Chapter 2.5.4, the glitch in the
power spectrum around l ∼ 20 may be too large to be explained by a step feature in the
warp factor due to the duality cascades.
Qualitative Analyses around a Single Step
We consider a sharp step in the warped geometry T (r). We parametrize the size of the
step as 2b ≡ ∆T/T and the width as ∆φ ≡ 2d. We use the tanh function interpolation
between the two sides of the step, i.e.
T (r)≡ T3 r
4
R4
[
1+b tanh
(
r− rs
d
)]
. (2.201)
The Evolution of the Sound Speed
We use the case of positive b to illustrate the evolution of the sound speed, the formulae
are the same for negative b. The direction of the step is such that, for positive b, T steps
up as r increases, i.e. the warp factor h ∝ T 1/4 (or the speed-limit h2) increases as r
increases.
The first stage is when branes move across the step, where the speed-limit increases
suddenly. Since the time that the branes spend to across the step is very short comparing
to the Hubble time, during which we can ignore the Hubble expansion and the acceler-
ation from the potential. So across the step, the behavior of the branes is approximated
by the Lagrangian L = −T (r)
√
1− φ˙2/T (r). The corresponding energy T γ = const,
where γ = 1/cs = (1− φ˙2/T )−1/2. Hence a sharp change in T results in a sharp change
in cs, and both changes are small,
∆cs
cs
=
∆T
T
= 2b . (2.202)
107
A small change in cs also means that the velocity of the branes will closely track the
change of the speed-limit in step.
The second stage is at the end of the step, where the previous change in cs results in
a deviation from the attractor solution. To see this, we note that in IR DBI inflation,
the attractor solutions have γ ≈ βNeDBI/3 and NeDBI ≈ HR/h, so cs ≈ 3h/βHR. A
fractional change in the warp factor h = r/R means ∆R/R = −b/2, which implies that
the attractor solutions has a fractional change
∆cs
cs
= b . (2.203)
So the increase in cs due to the first stage (2.202) over-shoots the new attractor solution,
the branes will have to quickly relax to the new attractor solution. The Hubble expansion
plays an important role here, so the energy T γ is no longer conserved.
51 52 53 54 55 56
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Figure 2.27: Evolution of cs. Parameters are b = 0.1, step width ∆Ne = 0.05, β = 3, gsm−4s =
1039, NB = 109, nB = 104, nAh4A = 16.
In summary, the behavior of cs can be approximated by two step-functions side by
side. In the first one, it jumps up from the original cs to cs + 2bcs, during which the
branes quickly fall down the step in warp geometry. The time scale is determined by d
and is typically much smaller than 1/H. The second one comes immediately afterwards,
it jumps down from cs+2bcs to cs+bcs, during which the branes quickly approach the
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new attractor solution. The time scale is of order O(1/H). The width of the second step
function is much larger than the first for narrower step (i.e. smaller d). Note that in both
stages, the velocity of branes increases. This evolution is illustrated in Fig. 2.27.
Because the width of step is very small, such a small change of cs happens in a short
period. This gives rise to large s ≡ c˙s/(csH) and s˙/H. This turns out to be the primary
sources to various observable signatures in power spectrum and non-Gaussianities.
The Power Spectrum
The power spectrum is determined by the mode equation Eq.(2.23). We now estimate
various parameters in Eq. (2.24) in terms of the size, b, and width, d, of the step feature
in the warp factor. It is convenient to write d in terms of the e-fold that the brane spends
moving across it,
∆Ne ≡ H∆t ≈ H dφ˙ =
d√
2csε
. (2.204)
Note this is not the e-folds that the feature on CMB spans (denoted as ∆l previously)
which typically includes the oscillations and spreads much wider.
Using the continuity equation ρ˙ =−3H(ρ+ p), together with the energy density and
pressure Eq.(2.7), we can solve for the evolution of s,
s =
c˙s
Hcs
= 3(1− c2s )+
csV˙
T H
+
T˙
T H
(1− cs) . (2.205)
Here we can make more explicit the conditions under which the sharp features in warp
factor dominate. On the right hand side of (2.205), to make the 3rd term larger than
the first, i.e. to ignore the spatial expansion, we require 3 < ∆T/(T H∆t) ≈ 2b/∆Ne; to
ignore the 2nd term, i.e. the sharp features in potential, we require csVφ < Tφ . Since
the duality cascade leaves sharp steps on T (φ) but not V (φ ), this condition is easily
satisfied. Under these conditions, the last terms in the above equation dominates, so we
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can approximate
s≈ T˙
T H
∼ b
d
√
2εcs ∼ O
(
b
∆Ne
)
. (2.206)
This is consistent with (2.202).
Denote X ≡ φ˙2/2, so ε = X/(M2PlH2cs) for DBI inflation. We get
η =
ε˙
Hε
=
X˙
HX
+2ε− s . (2.207)
On the other hand, from the definition cs =
√
1−2X/T (φ), we get
X˙
XH
=
T˙
T H
− 2c
2
s s
H(1− c2s )
. (2.208)
Plug (2.208) into (2.207), and use (2.205) to get rid of T˙/T H, we have
η =
cs
1+ cs
s−3(1+ cs)− V˙ csHT (1− cs) +2ε
≈ css− (3+ V˙ csHT ) . (2.209)
Except for the first term, the r.h.s. of this expression is affected little, O(b), by the
feature. We use (2.209) to further estimate η˙/H. Keeping the time derivatives on cs, φ˙
and T , while ignoring those on Vφ and H, we get
η˙
H
≈ 3
2
s+ css2+ cs
s˙
H
. (2.210)
We have used the fact that the brane always tracks the speed-limit,
φ˙ ≈
√
T (φ) , φ¨ ≈ 1
2
Tφ
T
φ˙2 , (2.211)
since cs  1 even at the sharp feature as we know from Chapter 2.5.3. Eq. (2.206) is
also used.
We further estimate s˙/H,
s˙
H
=
(
Tφ
T
)′ φ˙2
H2
+
Tφ
T
(
1
H
d
dt
φ˙
H
)
≈
(
Tφφ
T
− T
2
φ
T 2
)
φ˙2
H2
+
Tφ
T
φ¨
H2
. (2.212)
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Using Eq.(2.211) to eliminate the φ¨ in Eq.(2.212), we get
s˙
H
≈ 2csε
(
Tφφ
T
− 1
2
T 2φ
T 2
)
≈ 2csε
(
Tφφ
T
)
∼ b csε
d2
∼ O
(
b
∆Ne2
)
, (2.213)
where we have dropped the term T 2φ /T
2, since Tφφ/T  T 2φ /T 2 as long as b 1.
We now can compare the amplitudes of various terms. Because both b and ∆Ne are
small, from (2.206) and (2.213), we have
s˙
H
 s,s2 . (2.214)
From (2.209) and (2.210),
s η , s˙
H
 η˙
H
. (2.215)
So the only important contribution to z′′/z is from s˙/H, and we have
z′′
z
≈ 2a2H2
(
1− s˙
2H
)
≈ 2a2H2
(
1− Tφφ
T
csε
)
. (2.216)
If we take T to be the form Eq.(2.201), we can evaluate
z′′
z
≈ 2a2H2
[
1−bcsε
d2
sech2
(
φ −φs
d
)
tanh
(
φ −φs
d
)]
∼ 2a2H2
[
1− b
∆N2e
sech2
(
φ −φs
d
)
tanh
(
φ −φs
d
)]
. (2.217)
The feature in z′′/z is dictated by the sech2 tanh term, and will affect the evolution of
certain perturbation modes vk. As moving across the step only generates ∼ NDBIe /M e-
folds, typically b/∆N2e  1. The mode vk will first see a dip in z′′/z followed by a bump.
Let us assume that the feature in z′′/z shows up around conformal time τs, then modes
with c2s k
2 (z′′/z)|τs or c2s k2 (z′′/z)|τs will not be affected, because they are either
oscillating well inside the sound horizon or have already crossed the sound horizon and
got frozen. The major effect will be on the modes with c2s k
2 ∼ (z′′/z)|τs . The range of k
affected by the sharp feature is determined by b/∆N2e . If Pζ starts seeing the feature at
k0, the feature will disappear at
∆k ∼ k0
√
b/∆Ne . (2.218)
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Non-Gaussianities
Although Ref. [22, 31, 70] are only interested in non-Gaussianities without sharp fea-
tures, the cubic expansion of the perturbations is exact and does not rely on the assump-
tion that various inflationary parameters ε , η and s are small. For DBI inflation, among
all the terms in Ref. [22], the leading term in the cubic action that is responsible for
sharp features in non-Gaussianity is
a3ε
2c2s
d
dt
(
η
c2s
)
ζ 2ζ˙ . (2.219)
In the absence of sharp features, a term such as (a3ε/c4s )ζ ζ˙ 2 contributes to the non-
Gaussianity estimator fNL ∼ 1/c2s . Therefore as a rough estimate the term (2.219) con-
tributes
f featureNL ∼
d
dt
(
η
c2s
)
∆t ∼ ∆
(
η
c2s
)
. (2.220)
The cases with large s are most interesting for non-Gaussianities. Using (2.209), η ≈
css, so
f featureNL ∼
∆s
cs
∼ 1
cs
b
∆Ne
. (2.221)
There is another term
−2aε
c2s
sζ (∂ζ )2 (2.222)
in the cubic action of Ref. [22] that contributes
f featureNL ⊃
s
c2s
∆tH ∼ ∆cs
c3s
∼ b
c2s
, (2.223)
which is also possibly observable. The term (2.221) dominates for the most interesting
cases.
The net observable effect will be a nearly-scale-invariant large non-Gaussianity of
order O(1/c2s ) plus the scale-dependent (oscillatory) modulation of order O(∆s/cs).
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Similar to the slow-roll case, we can write f featureNL ∼ (
√
b/cs)(
√
b/∆Ne). As we have
shown, the first factor determines the amplitude of the glitch in power spectrum through
b, while the second factor determines the extension of its oscillations through (2.218).
So there is a simple relation between the effects of sharp feature on the power spectrum
and non-Gaussianity. For a same single visible glitch in power spectrum, the oscillatory
amplitude of the bispectrum in DBI inflation is larger than that in slow-roll inflation
mostly due to the factor of 1/cs which can make f featureNL larger than O(10); while for
glitches that have long oscillatory extension (which can also be made invisible in power
spectrum with tiny b), the associated bispectrum can be very large with tiny ∆Ne. The
estimates of b and ∆Ne in Ref.[64] suggest that the well-separated steps in the duality
cascade tend to fall into the latter category. We will later see independent evidence from
fitting the power spectrum glitch to WMAP CMBR data.
2.5.4 Numerical Analyses and Data Fitting
We have analyzed qualitatively the behavior of the power spectrum around the step.
However, due to the non-trivial behavior of z′′/z, the mode equation is hard to solve an-
alytically in general. To better understand the effect of the sharp feature, we numerically
solve the equation of motion Eq.(2.8), evolve the mode equation Eq.(2.23) starting from
when the mode is deep inside the sound horizon (c2s k
2 z′′/z) until the mode is frozen
when stretched out of the sound horizon (c2s k
2 z′′/z), and evaluate the power spectrum
numerically using Eq.(2.23). The numerical calculation also has the advantage that it
is not necessary to assume certain simplification conditions in Chapter 2.5.3, such as
b/∆Ne 1. Our major results are shown in Fig. 2.28 and Fig. 2.29.
Fig. 2.28 shows the step feature in the power spectrum Pζ for steps with different
height b, but same width ∆Ne. We see clearly that in the power spectrum, a dip appears
first with positive b and a bump appears first with negative b. However such a sequence
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Figure 2.28: In the IR DBI scenario, we show the power spectrum, Pζ , when there is a sharp
step in the warp factor. For the same step width ∆Ne, we show three cases with
different step size b. The amplitude of the first dip and bump increases as we
increase the step height b. A bump appears first for b < 0 while a dip appears first
for b > 0.
gets less clear after projecting from k-space to l-space.
In Fig. 2.29 we explore the step feature with different step width ∆Ne. We see that the
oscillation amplitude in Pζ is quite insensitive to the step width d. By the same argument
in our slow-roll analysis, the steps are sharp so that ∆Ne 1. The cs and c˙s have reached
their maximum values and so is the amplitude of the oscillation which is controlled by
b.
In Fig. 2.30 we perform a χ2 fit to the WMAP data. With one single step in the warp
factor, we try to fit the l ∼ 20 dip in WMAP temperature anisotropy. Here, instead of
performing a full MCMC search for the best fit model, we only show an example to illus-
trate how the local step feature improves the quality of data fit. The example we show
in Fig. 2.30 has the IR DBI model parameters nB = 6761,NB = 4.315× 109,nAh4A =
0.01035,ms/g
1/4
s = 2.567× 10−9Mp,β = 4.021, and the step parameters are ∆Ne =
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Figure 2.29: Same as Fig. 2.28, with the step size b fixed, we show two cases with different
step width ∆Ne. Since in IR DBI model, the typical step width corresponds to
∆Ne 1, the dip and bump in the power spectrum is not sensitive to d. The width
of the step affects only the range of oscillation in Pζ .
0.105 and b = −0.35. The step model, with likelihood L , −2lnL = 5347.16 when
compared to WMAP 3-year temperature and polarization data [39, 38, 41, 40], has a
better fit to the data, ∆χ2 = −2.76, over the best-fit scenario with constant running of
the spectral index, also shown. In light of the four extra degrees of freedom7 determin-
ing the cascade power spectrum in comparison to the fiducial running model, however,
this improvement in χ2 is not statistically significant.
We also find that a positive b is not favored by data, so the first dip in the k-space does
not necessarily transform into a clear dip in the l-space. Numerically we find that to
fit the l ∼ 20 dip, we need |b| ∼ 0.3. However, if we take b = +0.3, it gives too much
power on large scale, more than that is allowed by data.
The reason that the glitch appears to be less sharper than that in slow-roll case is
7Three of them specify the location, height and width of the step, another one is from IR DBI (versus
LCDM).
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Figure 2.30: The CMB temperature power spectrum (top) and initial power spectrum (bottom
left) in the presence of a step in the warp factor (full black line) and a best-fit sce-
nario with constant running in the spectral index (red dashed line). The presence
of large scale features in the cascade spectrum (bottom right) lead to an improved
fit with the WMAP 3-year data of ∆χ2 = −2.76 over the model with constant
running in the spectral index.
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the following. In DBI inflation, a step in warp factor not only causes oscillation in
power spectrum, but also changes the asymptotic speed-limit of the inflaton. So in
addition to glitches, it also introduces a step in the power spectrum. Both amplitudes
are controlled by the relative height of the step b. It is more difficult to generate a
sharp glitch while keeping the latter effect compatible with data. While in slow-roll
case, asymptotic velocities of the inflaton is not affected by a local step in potential. In
this sense, for DBI inflation the glitches in power spectrum can be made sharper if one
introduces a bump (or anything that does not change the asymptotic behaviors of the
warp factor) instead of a step in the warping.
We should also point out that |b| ∼ 0.3 gives a step much larger than that given by
Eq.(2.176) , which typically goes like 1/p3 with p 1. This means that if we take
the steps generated by the duality cascade, most probably we will not see any observ-
able effects in the power spectrum. However, as we estimated in Eq. (2.221), the non-
Gaussianities associated with the step can be very large depending on the height and
width of the steps. This can leave distinctive features detectable by experiments.
2.5.5 Remarks on Closely Spaced Steps
We have been mainly concentrated on features that are sharp enough and well-separated
(by at least one e-fold). We also see that there are parameter space where the feature is
not sharp enough to show up in the CMB as observable signatures. In this case, the step
is no longer important individually; but if there are parameter space such that, within
one e-fold, the branes can go over many such small steps, a different kind of large non-
Gaussianities can be generated through the “resonance mechanism” [71]. These closely
spaced small steps induce small but high frequency oscillations of the background evo-
lution in ε , η and s. This oscillation can resonant with the mode functions uk when
the mode is still within the horizon. As a result of this resonance, the non-Gaussianity
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integration picks up a large contribution while the two-point function is only slightly
affected. This non-Gaussianity has different signatures from the sharp feature case [71].
In slow-roll model, the condition to achieve this resonance mechanism relies on the
shape of the potential. Naively, since we already have a series of steps, we can increase
the tilt of the potential to make the branes roll faster so they come across many steps in
one e-fold. Realistically, one needs to make sure that such a tilt will not significantly
reduce the already-tuned total number of e-folds.
In IR DBI model, as we have discussed at the beginning of Chapter 2.5.3, there is
actually a quite natural parameter space that such a condition can be satisfied, 1 > gs >
10−3. We leave a more detailed study to a future publication.
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CHAPTER 3
THE ISSUE OF ETERNAL INFLATION
In this chapter, we show that eternal inflation of the stochastic type is generically absent
in the brane inflationary scenario [37]. Depending on how the brane inflationary uni-
verse originated, eternal inflation of the false vacuum type is still quite possible. Since
the inflaton is the position of the D3-brane relative to the D¯3-brane inside the compact-
ified bulk with finite size, its value is bounded. In DBI inflation, the warped space also
restricts the amplitude of the scalar fluctuation. These upper bounds impose strong con-
straints on the possibility of eternal inflation. We find that eternal inflation due to the
random walk of the inflaton field is absent in both the slow roll scenario and the DBI
scenario. In the multi-throat brane inflationary scenario, the branes may be generated
by quantum tunneling and roll out the throat. Eternal inflation of the false vacuum type
inevitably happens in this scenario due to the tunneling process.
3.1 Two Types of Eternal Inflation
The idea of eternal inflation was introduced more than 20 years ago, and has been
considered as a generic phenomenon common to a wide class of inflationary models
[72, 73, 74, 75]. If eternal inflation is present in the inflationary universe, the inflating
part of the universe is exponentially larger than the non-inflating part (which includes
our observable universe) today. This suggests that it is exponentially more likely for a
random occurrence to take place in the part of the universe that is still inflating. This
will force us to invoke something like the anthropic principle in order to explain our
very existence. Although a weak form of such an anthropic principle may be accept-
able, philosophically at least, the absence/presence of eternal inflation is an interesting
question.
119
There are two types of mechanisms that drive eternal inflation. The first type involves
a meta-stable false vacuum in the inflaton potential [74]. The false vacuum decays
through bubble nucleation. If the decay rate Γ is slower than the expansion rate H, the
false vacuum never totally disappears and the total volume of it, once inflation starts,
continues to grow exponentially with time. So there are always bubbles of false vacuum
in the entire universe where inflation continues. We call this eternal inflation of the false
vacuum type.
The second type of eternal inflation was the stochastic eternal inflation. Let us think
about the chaotic inflation scenario. Within one Hubble time, the inflaton field classi-
cally rolls down the potential by an amount
∆φ = φ˙H−1 , (3.1)
while at the same time, the intrinsic de-Sitter quantum fluctuation is
δφ =
H
2pi
. (3.2)
If there is a regime where
δφ > ∆φ , (3.3)
The inflaton field could fluctuate up the potential quantum mechanically, and inflation
will never end.
It is interesting to note that the ratio between δφ and ∆φ is
δφ
∆φ
=
H2
2pi|φ˙ | ∼
√
Pζ . (3.4)
We know from observations that the primordial perturbation has an amplitude
√
Pζ ∼
10−5  1, at 55 e-folds from the end of inflation. Therefore, eternal inflation cannot
happen if inflation only lasts for 55 e-folds, and the spectral index is red (nS < 1). How-
ever, in most inflationary models, the range of inflaton field is unbounded, and one can
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always start inflation high up on the potential, where quantum fluctuation is large. This
is the main reason why eternal inflation in unavoidable in field theory models. However,
as we will see in the next section, string compactification provides a bound on the infla-
ton field range, which exclude the possibility of stochastic eternal inflation for slow-roll
brane inflation in the warped throat.
3.2 Absence of Eternal Inflation in the Slow Roll Scenario
In this chapter, we show that stochastic eternal inflation is absent in the simplest slow-
roll scenario. The inflaton potential for the slow-roll scenario is,
V (φ) =V0
(
1− V0
4pi2v
1
φ4
+
β
6
φ2
M2Pl
)
, V0 = 2T3h4A (3.5)
The slow roll parameters are
ηSR = M2Pl
∣∣∣∣V ′′V
∣∣∣∣ = β3 − 20M2Plφ4ANφ6 ,
εSR =
M2Pl
2
(
V ′
V
)2
=
1
2
[
4MPlφ4A
Nφ5
+
βφ
3MPl
]2
.
The end of inflation is given by ηSR =−1
φ6E =
1
1+β/3
(
20φ4A
NM4Pl
)
M6Pl . (3.6)
The inflaton field φN is at Ne e-fold before the end of inflation, and the scalar density
perturbation δH are given by [23]
φ6N =
φ4A
NM4Pl
(24Ne+20)Ω(β )M6Pl , (3.7)
δH =
2
45
(24Ne+20)5/6
(
φ4A
M4PlN
)1/3
f (β ) , (3.8)
Ω(β ) ≡ (1+2β )e
2βNe− (1+β/3)
2β (Ne+5/6)(1+β/3)
,
f (β ) ≡ 1+β/3
1+2β
Ω(β )5/6e−2βNe .
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We can use (3.8) to express φ4A/N as a function of β ,
φ4A
M4PlN
=
(
45δH
2
)3
(24Ne+20)−5/2 f (β )−3 . (3.9)
Given the value of β , we can impose the COBE normalization δH = 1.9× 10−5 at
Ne = 55 [3], and fix φ4A/N. For the slow roll regime 0≤ β ≤ 1/7, we get
1.2×10−18 ≤ φ
4
A
M4PlN
≤ 3.5×10−12 , (3.10)
Using (3.2) and (3.1), the quantum fluctuation and classical motion of φ are given
respectively as
δφ =
4
9
√
φ4A
NM4Pl
MPl , (3.11)
∆φ =
4φ4A
NM4Pl
(
φ
MPl
)−5
MPl+
1
3
βφ . (3.12)
To compare the magnitude of quantum fluctuation and classical motion, it is important
to notice that ∆φ has a minima,
(∆φ)min =
24
605/6
[
φ4A
NM4Pl
β 5
]1/6
MPl . (3.13)
If for certain values of β , ∆φmin > δφ , the classical motion always dominates over the
quantum fluctuation, and eternal inflation will never happen. Using (3.11)(3.13), the
range of β is determined by
4
9
√
φ4A
NM4Pl
<
24
605/6
[
φ4A
NM4Pl
β 5
]1/6
,
where φ4A/N is also a function of β as seen in (3.9). Solving the inequality numerically,
we get
3.4×10−8 < β ≤ 1/7 . (3.14)
Apparently for the slow roll regime 0≤ β ≤ 1/7, eternal inflation is possible only when
β < 10−8 . (3.15)
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A significant amount of fine tuning is needed to achieve this value, since the moduli
stabilization generically gives β ∼ 1 [12].
For the range 0≤ β ≤ 10−8, f (β )≈ 1,Ω(β )≈ 1, the β dependence becomes so small
that it is safe to simply set β = 0. Now, using Eq.(3.11), ∆φ < δφ indicates that eternal
inflation happens when
φ > φc =
(
81φ4A
NM4Pl
)1/10
MPl = 0.025MPl . (3.16)
There appears a critical value of the inflaton field φc = 0.025MPl. Inflation will be eternal
if it starts with φi > φc.
For brane inflation in the warped throat, we require that at least 55 e-folds are achieved
in side the throat, i.e.
φA < φE < φ55 ≤ φedge . (3.17)
Here, inflation ends when φ reaches φE , where tachyons appear and the D3− D¯3 brane
annihilation begins. φ55 corresponds to the position of the D3-brane at 55 e-fold before
inflation ends, φi is the initial position where inflation starts, and φedge ≡
√
T3R is the
edge of the throat.
Using (3.7), we get φ55 = 3.4×10−3MPl φc, so we will surely get enough number
of e-fold if inflation starts with φc. However, the constraint φc < φedge is non-trivial,
since φedge depends on T3 and N,
φedge =
√
T3R =
(
27NT3
32pi2
)1/4
,
where φc/φedge < 1 requires
N >
256pi5
27
gs
(
φc
MPl
)4
(α ′M2Pl)
2 ≈ 10−3gs(α ′M2Pl)2 . (3.18)
There is another constraint we have to take into account. Assuming the Planck mass
is dominantly contributed by the bulk volume, as it typically happens to a warped com-
pactification, we have
M2Pl =
m8s L
6
pig2s
, (3.19)
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where gs is the string coupling and ms = 1/
√
α ′. Here 2piL is roughly the dimension of
the bulk. Since the throat is part of the bulk, we naturally require
L > R . (3.20)
The requirement (3.20) implies an upper bound for the AdS throat charge,
N <
4
27
(gs
pi
)1/3
(α ′M2Pl)
2/3 . (3.21)
It is obvious that the lower bound of N (3.18) cannot exceed the upper bound (3.21),
so we require
256pi5
27
gs
(
φc
MPl
)4
(α ′M2Pl)
2 <
4
27
(gs
pi
)1/3
(α ′M2Pl)
2/3 ,
which leads to a constraint on α ′
α ′M2Pl <
1
(2pi)4
√
2gs
(
φc
MPl
)−3
. (3.22)
The upper bound of N (3.21) is maximized if we push α ′ to the upper bound given in
(3.22). Thus to make eternal inflation possible, the largest value of N is
N <
1
(2pi)3
4
27
(
φc
MPl
)−2
= 0.95 . (3.23)
In the KKLMMT scenario, typically N 1. This means that if we assume the inflaton
potential in the bulk is not very flat and inflation only happens in the throat, the critical
initial value φc is impossible to be consistently realized in the KKLMMT scenario. That
is, the stochastic eternal inflation is absent.
There are at least 3 possible ways for stochastic eternal inflation to be present in this
scenario:
1. The potential has additional contributions [20]. That may change the above anal-
ysis if the potential is changed substantially.
124
2. The brane can start in the bulk instead of only from the UV side of the throat; this
may allow us to evade the constraint (3.23). The antibrane in the end of the throat
provides a red-shifted Coulomb attraction source and the potential is similar to
the first two terms in the (3.5). Assume one can tune away the potential from the
moduli stabilization (in the same sense as requiring an extremely small β ), the
relaxed constraint on φc is φc < L
√
T3, which implies
L > (2pi)3gsα ′2φ2c . (3.24)
The condition (3.20) still applies here so we still have the same upper bound of
N as in (3.21). It is obvious that (3.24) and (3.21) are not contradictory and by
choosing appropriate values of L and α ′, we can have N 1. So in the case when
we get a good fraction of e-folds from the bulk, eternal inflation is possible when
β < 10−8 and inflation starts with φi > φc.
3. If the throat is a long narrow throat (that is, its width is much smaller than its
length), then the bound (3.20) is relaxed. Orbi-folding a deformed conifold can
be a way to achieve this. Even if this bound is relaxed, we note that the bound
(3.15) is still very tight.
3.3 Absence of Eternal Inflation in the DBI Scenario
For UV-DBI inflation in the ultra-relativistic regime, we have seen in Chapter 2.3.2 that
the background solution can be solved using Eq.(2.79). H = cφ , which gives c−1s = γ ∼
M2Pl/φ
2, and ε ∼ const. Therefore, the primordial power spectrum is
Pζ =
H2
8pi2M2Plε cs
∼ const . (3.25)
This means if we impose the normalization Pζ ∼ 10−9 at Ne = 55, we’ll have the same
normalization at any number of e-folds. The fact that Pζ has no φ dependence is largely
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due to the ultra-relativistic motion of the brane. Recall the argument (3.4), we see that
for ultra-relativistic fast roll inflation, δφ  ∆φ all the way through the throat no matter
where inflation starts. For UV model with γ 1 and quadratic potential, eternal inflation
will not happen.
In the IR model of the DBI inflation, the brane is moving out from the IR side of
the warped space. During most of the inflationary epoch, the Hubble parameter is ap-
proximately a constant and a de Sitter phase of inflation is triggered. The field theory
calculations [14, 28] show that the spectral index is red and the inflaton can be extended
back in time to the deep IR region of the AdS throat. So naively the eternal inflation of
random walk type is possible. But interestingly as we will see, by considering the va-
lidity of the field theory analyses, a rather different mechanism [28, 29] kicks in before
the condition (3.4) can be satisfied.
When calculating the quantum fluctuations in the expanding background, for the field
theory to work, we require that the Hubble energy be smaller than the (red-shifted) string
scale,
γH . T (φ)1/4 , (3.26)
where H is the Hubble constant, T (φ) = φ4/λ is the warped brane tension. It is easiest
to get Eq. (3.26) on the moving frame on the brane, where the Hubble expansion is faster
by a factor of γ because of the relativistic time dilation. A closely related consequence
is the reduction of the horizon size by a factor of γ−1.
The evolution of the brane position (inflaton) is given by
φ ≈−
√
λ
t
, (3.27)
where t runs from −∞. The inflation ends when t ∼−1/H. The number of inflationary
e-folds to the end of the inflation is
Ne ≈−Ht . (3.28)
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During inflation the inflaton travels ultra-relativistically,
γ ≈ βNe
3
, (3.29)
where β again parameterizes the steepness of the potential V = V0− 12βH2φ2. Using
these field theory results of the IR DBI inflation, we translate (3.26) into
Ne .
λ 1/8
β 1/2
, (3.30)
where λ is the D3-charge of the background, e.g. given by three-form fluxes. Namely
the field theory results only applies to the short scales satisfying (3.30). Above that, the
quantum fluctuations become stringy. (The zero-mode inflation still proceeds as long
as back-reactions on the background throat, including those from the relativistic probe
brane [13, 28, 52] and those from the de Sitter expansion [28], can be neglected.)
Although a full understanding of this stringy phase requires a full string theory treat-
ment, we can see a bound on the scalar fluctuation amplitude in the following way. In
expanding background, the quantum fluctuations are generated during a Hubble time
γ−1H−1, and then get stretched out of the horizon and lose causal contact. Within
this period, the brane fluctuates in the transverse directions, but the fluctuation speed is
limited by the local speed of light h2. So the maximal amplitude for a moving frame
observer is
∆rmax ≈ γ−1H−1h2 . (3.31)
To see that it is consistent with our previous arguments, we note that from field theory,
the density perturbation in IR DBI is
δH ≈ Hδ t ≈ N2e /λ 1/2 , (3.32)
and the brane fluctuation is
∆r = γδ r ≈ γ r˙δ t ≈ γh2δ t , (3.33)
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where δ t is the time delay measured by a lab observer, r˙ is the brane speed (zero-mode
scalar speed) which is approximately the speed of light h2 because the brane travels
ultra-relativistically in DBI inflation. Requiring
∆r ≤ ∆rmax (3.34)
gives the same condition as (3.30).
But the condition (3.34) is more transparent in terms of the scalar fluctuation ampli-
tude. We get
δH ≈ Hδ t . H∆rmax/γh2 ≈ 1/γ
2 . (3.35)
(Note that in this formula the time decay δ t is measured in the non-moving lab frame.
That’s why the Lorentz contraction factor 1/γ arises in ∆rmax/γ .) This means that,
although naively from field theory results (3.32) that δH can grow to one as we look at
large enough Ne , it actually has a upper bound far below one, since γ  1. The type
of eternal inflation caused by the random walk of the scalar field is forbidden. We note
that this type of constraint applies to general DBI inflation models.
3.4 Possible Presence of Eternal Inflation in Brane Inflation
On Top of the Potential in the Bulk
Because of the compactness of the extra dimensions, it is inevitable that some parts
of the inflaton potential profile may have vanishing first derivative. Especially for those
potentials that grow toward the bulk, such as those we have considered in the KKLMMT
slow-roll or UV DBI inflation, at somewhere in the bulk Vφi = 0 and Vφiφ j < 0 will appear.
Classically the inflaton velocity can be infinitely small if it stays on the top of such a
potential. So it is interesting to look in more details the conditions for the random walk
type eternal inflation to happen.
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Let us simplify the form of such a potential to be V = V0− 12m2φ2, where φ is mea-
sured with respect to the top of the potential. Using the standard slow-roll results, we
know that the density perturbation δH becomes one at the place
φˆ =
V 3/20
5
√
3piM3pm2
. (3.36)
Because of the quantum fluctuations of the inflaton, the precision of putting a brane on
the top of potential is given by δφ = H/2pi . Therefore we require φˆ > H/2pi . This is
always satisfied given that m2 H2, i.e. the condition that the inflation happens on the
top of such a potential. Therefore eternal inflation of the random walk type happens in
the bulk if such an inflationary potential can be obtained by fine-tuning, for example in
the models of Ref. [9, 76].
It is worthwhile to point out another key difference between brane inflation and a more
traditional inflationary scenario such as chaotic inflation. In chaotic inflation, if we are
willing to accept a random value for the initial inflaton field in the presence of many
causally disconnected patches, it is reasonable that the inflaton field takes an initial value
larger than the critical value in at least one patch, thus leading to eternal inflation. Even if
the inflationary universe was created spontaneously with only one patch, one may argue
it is more likely that φini > φc, since φini can apriori take an arbitrarily large value in the
absence of any selection principle (such as the wavefunction of the universe). In brane
inflation, the inflationary universe typically starts with one or more pairs of D3− D¯3
branes, where all values of φ s are bounded by the size of the bulk. First consider the
case with only one pair inside one causal patch. There is no reason that the D¯3 brane
starts out sitting precisely at the bottom of a throat. In general, it will start somewhere
in the bulk and then, due to the attractive force, move relatively quickly towards the
bottom of the throat. While this is happening, its tension will start dropping and the
potential for the D3 brane will approach the eventual one that is adopted above. That is,
the D3 brane is seeing a rapidly changing potential as it is moving in the bulk. While
129
this is happening, both the position and the height of the inflaton potential at the top
of the hill discussed above have not even emerged yet. We expect the D3 brane to be
dragged towards the throat during this time. So, it seems some fine-tuning is needed for
the D3 brane to end up at the top of the hill after the D¯3 brane has settled at the bottom
of the throat. Clearly a more careful analysis is warranted. Obviously, this pictures gets
much more complicated if we start with multi-pairs of D3− D¯3 branes or some other
arrangements. However, in this case it seems that the random walk type eternal inflation
is possible but absent under generic initial conditions. Of course, if inflation comes
only from the motion of the D3 brane (that is, no D¯3 brane), then the random walk type
eternal inflation becomes more likely.
We may apply the same argument if the inflaton potential has a local shallow minimum
in the bulk. The attractive force of the D¯3 brane plus its motion tend to drag the D3 brane
towards the throat. Of course, if the minimum is deep enough, then the D3 brane may
be stuck there. This leads to eternal inflation of the tunneling type.
At the Tip of the IR Throat
The top-of-a-hill like potential is also possible when we extend the potential to the tip
of a throat, analogous to the potential in the IR DBI model. The difference is that we
are now interested in a fine-tuned slow-roll shape, |β |  1. The same discussion of
the last subsection applies except for the following complication. If the throat is very
long, i.e. extends to φ → 0, the slow-roll inflationary phase will smoothly transit to the
DBI inflationary phase at φDBI = β
√
NH for N > β−2 [28]. This is because towards
the IR end of the throat, the speed-limit constraint becomes more important and have
to be taken into account. So if the IR end of the throat is terminated at φ > φDBI, the
warping does not change beyond the cutoff, and we get stochastic eternal inflation near
φˆ . Otherwise, if the throat is terminated at φ < φDBI, the inflation will become the DBI
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type before the slow-roll inflation can reach the critical point of eternal inflation. In DBI
region, the stochastic eternal inflation is forbidden as we saw in Chapter 3.3. However,
the warping of a throat cannot extend to infinity in the IR end, either because of a cutoff
or the back-reaction of the dS space which will smooth out the warping in the IR end
of the warped space starting at φ ≈ H [28, 51]. Hence the speed limit constraint will
not further increase beyond this point, and the inflation smoothly changes back to be the
slow-roll type on the top of the hill. In this case it is this period of slow-roll inflation
that may be responsible for random walk eternal inflation, if the branes start from there.
Multi-throat Brane Inflation
So far we have concentrated on the eternal inflation of the Brownian type. We saw that in
brane inflation such a mechanism is either tightly constrained or forbidden for various
different reasons. As mentioned in the introduction, however, eternal inflation is also
possible through a first order phase transition of false vacuum bubble nucleation. In this
and next subsection, we discuss this mechanism in brane inflation.
Warped compactification in type IIB string theory is a natural place to realize the
brane inflation. In such a case, there is a very natural mechanism to generate candidate
inflaton branes in the multi-throat brane inflationary scenario [14, 28]. The AdS throats
are sourced by RR and NSNS three-form fluxes localized at conifold singularities on a
Calabi-Yau manifold. The D¯3-branes will naturally settle down in throats, since they
carry opposite D3 charge to the throats and will be attracted to the IR end. These an-
tibranes have different lifetimes in different throats depending on the numbers of fluxes
and antibranes, and they will eventually annihilate against the fluxes which source the
throats [50, 77]. If the number p of antibranes is much smaller than the number M of
the RR fluxes, such an annihilation process proceeds through a quantum tunneling. At
the end of this annihilation, M− p number of D3 branes will be created to conserve the
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total D3 charge. These D3 branes will either stay or come out of the throats, depending
on the sign of the mass-squared of the moduli potential. In the latter case, they become
a direct source of inflaton for IR DBI inflation; or when they move into the bulk and
re-settle down elsewhere, become an indirect source of inflaton for other types of brane
inflation such as KKLMMT type slow-roll inflation or UV DBI inflation. Therefore, in
this multi-throat scenario, the quantum tunneling in the flux-antibrane annihilation is re-
sponsible for creating successful inflation bubbles. As we know such a bubble creation
process is naturally eternal.
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CHAPTER 4
COSMIC INFLATION IN THE STRING LANDSCAPE
4.1 The Meandering Inflaton Scenario
The study of the inflationary universe is mainly on the slow-roll model with a single
inflaton field. An important reason to focus on the single field case is simplicity. A
typical multi-field inflationary scenario is clearly very complicated and not predictive.
If the inflaton fields couple to each other during inflation and reheating, the problem
seems rather intractable. Motivated by the realization of inflation in superstring theory,
we expect a multi-field inflationary scenario. The scenario could apply to brane inflation
in the compactified bulk. A generic bulk compactification must be very complicated,
with different type of warped throats in different regions. An inflaton brane could move
inside the bulk, before it falls into one of the throat; or it could come out of a throat,
wanders in the bulk, and fall into another throat. This scenario could also happen if
inflation takes place in the stringy cosmic landscape[11], where the number of moduli
is probably as large as hundreds. Even if not all of them participate in inflation, it is
likely that a large subset of moduli contribute directly or indirectly to the inflationary
scenario. Their interaction can be rather complicated (maybe strongly interacting as
well), generating a cosmic landscape that is random (aperiodic) in some directions and
quasi-periodic (within certain field range) in others.
In a generic string compactification, one expects the string scale to be in between the
Hubble and the Planck scale, H  msMPl, so that a single Planck scale field range
in the landscape naturally contains many string scale features. For our purpose here,
the cosmic landscape may be approximated by a d-dimensional random potential, and
the inflaton (the scalar mode for inflation) path appears smooth in the coarse-grained
limit, but is actually rugged with fine-grained string scale features [78, 79]. The generic
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properties of such an inflationary scenario are:
1. At least 60 e-folds of inflation is necessary in an inflationary scenario to solve the
well-konwn cosmological problems such as the flatness and the horizon problems.
To achieve this in the slow-roll inflationary scenario usually requires an almost flat
smooth potential. Without any fundamental theory, one can always invent such a
potential. However, in the context of string theory, such an almost flat potential
requires some fine-tuning. While a generic potential may not be flat enough, it is
not necessarily smooth either. A rugged d-dimensional potential is more realistic
in the context of the cosmic landscape (Fig.4.1), where d 1. For large enough
d, percolation probability approahes unity so the wave function of the universe is
mobile in the landscape [80, 81, 82]. For a Planck scale field range, one expects
many string scale features and consequently the inflaton takes a meandering path.
Since the de-Sitter quantum fluctuation (H) is smaller than the size of the features
(ms), the turns of the inflaton path may be treated as classical scatterings. We will
prove that an arbitrary detour of the inflaton path always increases the travel time,
leading to more e-folds than given by the corresponding coarse-grained smooth
potential. With appropriately many features in the potential, enough e-folds of in-
flation becomes generic. Although the scenario is motivated by the cosmic land-
scape, if a specific string compactification is complicated enough, a brane motion
inside the bulk can exhibit similar meandering behavior.
2. The above scenario naturally leads to fluctuations in the the cosmic microwave
background radiation (CMB) temperature (TT) and polarization (TE/EE) power
spectra. These fluctuations are due to the turns and detours of the inflaton path in
the d-dimensinal potential. Due to the randomness of the features in the poten-
tial, such fluctuations appear with irregular spacings, magnitudes and shapes [78].
While some of these features are probably too fine and/or small to be detected,
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a few big fluctuations may already have been observed in the data [83, 84, 85].
With more data coming in the future, one expects this prediction to be well tested.
The existence of such fluctuations will have a profound impact on the inflationary
scenario, on the origin of our universe and on the existence and properties of the
cosmic landscape.
3. Non-Gaussianity is generically suppressed by the growth of adiabatic perturba-
tions on super-horizon scales, and is negligible in the weakly random scenario.
However, non-Gaussianity can possibly be enhanced by resonant effects in the
strongly random scenario or arise from the entropic perturbations during the onset
of (p)reheating if the background inflaton trajectory exhibits particular properties.
4.1.1 Detours Always Lead To More e-folds
Let ~φ ≡ (φ1,φ2, . . . ,φd) be the canonical inflaton field in the d-dimensional field space
(indices are raised by δ IJ), and let V (~φ) be the actual d dimensional scalar potential.
We assume that over relatively large field distances, the potential appears coarse-grained
smooth, denoted by Vc(~φ), which may or may not be flat enough to support 60 e-folds
of inflation, and may suffer from the η problem. For a small enough field range, we
are safe to keep only the linear term in the Taylor-expansion of Vc(~φ). Without loss of
generality, for a specific small field range, we can rotate to the basis ~φ = {φI′,σ} (I′
denotes all directions transverse to σ .), so that Vc(~φ) for this segment has gradient only
along the σ field,
Vc(~φ) =V0−bσ , 0≤ σ ≤ σ f . (4.1)
where the constant b> 0 and σ f denotes the validity range of the linear expansion. This
yields a straight inflaton path from ~φ = 0 to (0, . . . ,σ f ). When the inflaton moves beyond
σ f , one needs to re-expand the potential with a new slope b′ and a new σ direction. In
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this way, one can approximate an arbitrary coarse-grained smooth potential using a set
of piecewise linear segments.
In this chapter, we take the Hubble parameter H ≈ const and we use the slow-roll
approximation (3Hφ˙I =−∇IV ) for the field range [0,σ f ]. The qualitative properties are
robust even when these approximations are relaxed.
Now the actual potential is rugged instead of smooth. Let us introduce fine grained
features to Vc(~φ) (4.1) to reproduce or to better approximate the actual potential. Starting
with ~φ = 0 at t = t1 = 0, the slope~s≡ (s1,s2, . . . ,sd) changes at tk from~s(k−1) to~s(k)
(tk+1 > tk ,k = 1, . . . ,K−1),
sI(k) = bδdI +
k
∑
j=1
δI( j) (4.2)
where~δ ( j) is a constant vector parameter for the j-th step. The potential for tk≤ t < tk+1
now becomes (denote ~φ( j)≡ ~φ(t j))
V (~φ) =V0−
k−1
∑
j=1
~s( j) ·
[
~φ( j+1)−~φ( j)
]
−~s(k) ·
[
~φ −~φ(k)
]
. (4.3)
Since we are treating Vc(~φ) as the background potential, we require that, after K steps,
~φ will reach ~φ(K)≡ (0, . . . ,σ f ), i.e.
φI′(K) =
K−1
∑
j=1
sI′( j)
3H
(t j+1− t j) = 0 , (4.4)
σ(K) =
btK
3H
+
K−1
∑
j=1
sσ ( j)
3H
(t j+1− t j) = σ f . (4.5)
We also require that both the coarse-grained smooth potential Vc(φ) (4.1) and the actual
potential V (φ) (4.3) begin at ~φ = 0 with value V0 and end at ~φ = (0, . . . ,0,σ f ) with
value Vc(σ f ) (as illustrated in Fig.4.1), namely
K−1
∑
j=1
∑
I′,σ
sI( j)
[
φ I( j+1)−φ I( j)]= bσ f . (4.6)
Let us count the number of free parameters. For K steps, we introduce K − 1 time
parameters tk (2≤ k≤K). For each φI′ and σ , we introduce K−1 fluctuation parameters
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δI(i), altogether (K− 1)d parameters. Taking into account the d + 1 constraints from
Eq.(4.4), Eq.(4.5) and Eq.(4.6), the number of parameters is (K−1)+(K−1)d− (d+
1) = (K−2)(d+1). The actual potential can be approached in the K→ ∞ limit.
To proceed, we need to properly choose σ f , so that not only the linear expansion is
valid, but also the σ field is monotonic and can be used as our “clock”. (Otherwise, we
have to choose a finer-grained piece-wise linear approximation.) As we shall see, this
also limits the sizes of the kinks. We now show that an arbitrary detour from Vc(~φ) (4.1)
will take longer to reach Vc(σ f ). Such an increase in the number of e-folds of inflation
is unbounded from above.
Using σ as the variable, we can rewrite the d-dimensional potential V (~φ) as an effec-
tive 1-dimensional potential Veff(σ). For d = 1, Veff(σ) reduces to V (φ).
Veff(σ) = V0−bσ − Sˆ(k) [σ −σ(k)]−
k−1
∑
j=1
Sˆ( j) [σ( j+1)−σ( j)] , (4.7)
Sˆ( j) = sˆσ ( j)+∑
I′
sˆ2I′( j)
b+ sˆσ ( j)
,
K−1
∑
j=1
Sˆ( j)[σ( j+1)−σ( j)] = 0 . (4.8)
where the last equation is simply the constraint (4.6). In this sense, Fig.4.1 may also
represent the Veff(σ) for d > 1.
We now show how arbitrary features of the potential increases the number of e-folds
when compared to the smooth linear potential. Let us also generalize the piecewise
constants sˆI and Sˆ to continuous functions of σ (one may view this as a K → ∞ limit)
so the number of e-folds can be expressed as Ne =
∫
dσ 3H2/(b+ sˆσ (σ)). Here sˆ(σ)≡
~s(σ)−~b, i.e., sˆσ = sσ −b, sˆI′ = sI′ .
Now Ne can be regarded as functional of sˆI(σ),
Ne[sˆ] =
∫ dσ 3H2
b+ sˆσ (σ)
+λd
∫
dσ Sˆ(σ)+∑
I′
∫ dσ λI′ sˆI′(σ)
b+ sˆσ (σ)
(4.9)
where, following the constraint (4.5), all the integrals are over the range [0,σ f ]. We have
employed the Lagrangian multipliers {λI′,λd} to impose the constraints (4.4) and (4.8).
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Using the variational method to find the stationary solution, we first require δNe/δλI′ =
δNe/δ sˆI′ = 0, so that ∫
dσ
sˆI′
b+ sˆσ
= 0, λI′ = 2λd sˆI′ . (4.10)
We get the solutions sˆI′(σ) = 0, λI′ = 0 for λd 6= 0. This means turning off transverse
motions decreases the e-folds of inflation, i.e., for an arbitrary path along the σ direction,
any detour in the transverse directions always increases the travel time. In fact, the
increase is unbounded from above.
If we further set δNe/δλd = δNe/δ sˆσ = 0, we have
3H2
(b+ sˆσ )2
= λd ,
∫
dσ sˆσ = 0 , (4.11)
which gives the solution sˆσ (σ) = 0 and λd = 3H2/b2. This stationary solution is the
minimum of the functional Ne[sˆ], that is, Ne[0] = 3H2σ f /b, which corresponds to turning
off all the kinks in the potential. We therefore conclude that whenever sˆ(σ) 6= 0, the
number of e-folds always increases, that is, any detour from Vc(~φ) (4.1) increases the
e-folds of inflation. Again, the increase is unbounded from above.
To understand the mechanism better, let us give an alternative proof. We introduce
s¯σ ≡− 1σ f
∫
sˆσ dσ =
1
σ f ∑I′
∫
dσ
sˆ2I′
b+ sˆσ
≥ 0 . (4.12)
which simply follows from the constraint (4.8). Here s¯σ = 0 if and only if d = 1 or
sˆI′ = 0. With transverse motion, s¯σ > 0. Since σ is locally monotonic by construction,
b+ sˆσ (σ)> 0 in the range 0≤ σ ≤ σ f , and we have 0 < b− s¯σ ≤ b. Now we consider
the increase in e-folds due to the kinks (with Ne[0] = 3H2σ f /b),
Ne[sˆ]−Ne[0]
Ne[0]
=
b
σ f
∫ dσ
b+ sˆσ (σ)
−1 = s¯σ
b− s¯σ +
(
b
σ f
∫ dσ
b+ sˆσ (σ)
− b
b− s¯σ
)
≥ 0
where we have introduced an intermediate term containing s¯σ ≥ 0. Actually, both terms
are semi-positive. The first term in Eq.(4.13) is always positive with transverse mo-
tion. In the presence of non-zero sˆI(σ), positivity of the second term follows from the
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Figure 4.1: Consider a potential segment that begins at σ = 0 at V0 and ends at σ f
at Vc(σ f ), each curve above can be regarded as either the actual potential
V (φ) for d = 1 or the effective potential Veff(σ) for d > 1. For d = 1, in
the slow-roll approximation, the linear segment #1 yields the smallest num-
ber of e-folds. Suppose #5 (red dotted curve) is the actual potential, then
#1, #3 (K = 3) and #4 (blue solid thin line, with K = 4) are successively
finer approximations of potential #5, yielding increasing number of e-folds,
Ne(#5) > Ne(#4) > Ne(#3) > Ne(#1). For d > 1, small transverse motions
always increase Ne. That is, Veff(σ) always yields more e-folds than the
corresponding potential shown in the figure.
inequality between the harmonic mean and the arithmetic mean, i.e., for xi > 0 and
∑ωi = 1, ∑ωi/xi ≥ (∑ωixi)−1 (with the equality reached if and only if all the xi’s are
equal), where ωi→ dσ/σ f and xi→ b+ sˆσ . We therefore see explicitly from Eq.(4.13)
that Ne[sˆ] ≥ Ne[0]. For d = 1, or no transverse motion, the increase is from the second
term in Eq.(4.13) alone. For d > 1, if there is transverse motion, the first term always
increases the e-folds of inflation.
To get an intuitive sense of the picture, consider Fig.4.1 for the d = 1 case when
Veff(σ) =V (φ). Potential #1 is the piecewise linear part of Vc(φ) from φ = 0 to φ = σ f .
Potentials #3 (K = 3) and #4 (K = 4) can be considered as successively finer-grained
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approximations of the actual potential #5, i.e., we can treat #3 to be a coarse-grained
potential with 2 linear segments and #4 has a kink (with K = 3) for each of the 2 seg-
ments of #3. For an arbitrary curve, we can break it into K = 3 pieces, and the more
we break it, the better it approximates the actual potential. More fine-grained features
will always increase e-folds; here we have Ne(#5) > Ne(#4) > Ne(#3) > Ne(#1). For
d > 1 with transverse motions, the curves in Fig.4.1 now represent Veff(σ) (4.7). The
actual d-dimensional potential represented by Veff(σ) always yields more e-folds than
the corresponding d = 1 potential shown, due to the detours of the inflaton field.
Most e-folds come from the regions with the smallest slope, where the constant H
and the slow-roll approximations are most valid. Still one can also relax the H ≈ const
and the slow-roll approximations. In this case, the linear segments of Vc(~φ) should
be replaced by the corresponding solutions to the respective brachistochrone problem,
which are expected to be close to linear anyway. It is clear that an arbitrary detour from
such paths will again lead to an increase in e-folds. So the qualitative properties of the
scenario reman intact.
We expect the string scale and/or the Hubble scale to provide the cut-off on how
fine-grained the actual potential can be. With appropriate characteristics of the actual
potential, the enhancement can be large enough to give 60 or more e-folds.
We have assumed that the slope is always monotonic, sσ (σ) > 0. It is argued in
Ref.[80, 82] that the percolation probability p→ 1 in a random potential for large d.
This is intuitively reasonable, since the inflaton has more choices of directions to move
classically down a random potential as d is large. For the cosmic landscape, we expect
d  1, so the assumption sσ (σ) > 0 is quite natural. For small d, percolation is not
assured. For d = 1, the system typically does not percolate, so the monotonic condition
on the slope is imposed by hand.
For our later purpose to analyze the primordial power spectrum, we now derive the
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relation between the parameters ~δ (i) and the properties of the scalar potential. If we
model the effect of inflaton scattering by turning on VIJ ≡ ∂ 2V/∂φ I∂φ J instantaneously,
i.e., we assume
VIJ = 3H∆IJδ (t− tk) (4.13)
The factor 3H is for latter convenience. Such a defect changes the slope of the potential
according to
s(k)I = s
(k−1)
I +3H∆
(k)
IJ φ˙
J(tk) (4.14)
If we further assume that the acceleration φ¨I is important only at the moment of scatter-
ing, and between scatterings, the inflaton motion is close to slow-roll, Eq.(4.14) becomes
s(k)I = s
(k−1)
I +∆
(k)
IJ s
(k−1)J (4.15)
Starting with s(0)I = bI , we can easily work out
s(1)I = bI +∆
(1)
IJ b
J ,
s(2)I = bI +∆
(1)
IJ b
J +∆(2)IJ b
J +∆(2)IK ∆
(1)K
J b
J ,
· · ·
s(k)I = bI +
k
∑
i=1
∆(i)IJ b
J +O(∆2,∆3, . . . ,∆k) .
Comparing with Eq.(4.14), we can identify
δ (i)I = ∆
(i)
IJ b
J . (4.16)
The terms non-linear in ∆IJ can be neglected in the perturbative regime ∆IJ  1, but
could play an important role if the scattering is strong, i.e. ∆IJ ∼ 1. On the other
hand, if the potential is sufficiently random, adjacent scatterings are weakly correlated,
∆(i)KI ∆
(i+1)
KJ tends to become negligible.
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4.1.2 A Langevin Fokker-Planck Analysis
We describe the inflaton’s motion in the landscape using the Langevin Equation,
φ¨I +3Hφ˙I +∂IVc(~φ) = ξI(t) (4.17)
The coarse-grain potential Vc(~φ) = 3H2M2Pl is smooth while its fine-grain random fea-
tures are represented by the fluctuating force~ξ (t), which leads to the random scatterings
of the inflaton,
〈ξI(t)ξJ(t ′)〉= 2DIJ δ (t− t ′) , (4.18)
where DIJ is the constant diffusion tensor. The bracket 〈. . .〉 denotes average over dif-
ferent realizations of the random walk. Note that, in the absence of quantum fluctuation,
every causal patch of the universe undergoes the same random-looking classical trajec-
tory under the same random force ~ξ (t) during inflation, and therefore no density per-
turbation is generated. Density perturbation is generated by quantum effects only. The
ending of inflation can be brought about through a variety of ways that do not concern
us here.
Considering a relatively small range of φ , we may Taylor expand the potential around
~φ = 0 and keep only the linear term,
Vc(~φ) =V0−bIφI . (4.19)
To solve the Langevin Equation, we define
~y≡ ~φ −
~b
3H
t , Y ≡ (~y,~˙y) , (4.20)
and rewrite the Langevin equation into the matrix form,
dY
dt
= AY +B~ξ (t) , (4.21)
where
A =
 0 1
0 −3H
 B =
 0
1
 .
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The solution can be formally written as
Y (t) = eAt Y (0)+
∫ t
0
dseA(t−s)ξ (s)B , (4.22)
with the matrix exponent eAt given by
eAt =
 1 13H (1− e−3Ht)
0 e−3Ht
 (4.23)
So in terms of φ(t) and φ˙(t), we get (setting ~φ(0) = 0 and ~˙φ(0) = ~˙φ0),
~˙φ(t) =
~b
3H
(
1− e−3Ht)+∫ t
0
ds~ξ (s)e3H(s−t) (4.24)
~φ(t) =
~b
3H
t+
1
3H
(
1− e−3Ht)(~˙φ0− ~b3H
)
+
∫ t
0
ds
~ξ (s)
3H
[
1− e3H(s−t)
]
(4.25)
It readily follows that the sample mean speed (when 3Ht 1) is
uI ≡ 〈φ˙I(t)〉 ≈ bI3H , (4.26)
with the sample variance
〈(φ˙I(t)−uI)(φ˙J(t)−uJ)〉=
∫ ∫
ds1ds2 e3H(s1+s2−2t)〈ξI(s1)ξJ(s2)〉= DIJ3H . (4.27)
An alternative way to describe the random walk is to use the probability density func-
tion P(~φ ,~˙φ , t) for the inflaton. The probability density function obeys the Klein-Kramers
equation,
∂P
∂ t
=−φ˙I ∂P∂φI +∂IV
∂P
∂ φ˙I
+3H
∂
∂ φ˙I
(
φ˙ IP
)
+DIJ
∂ 2P
∂ φ˙I∂ φ˙J
(4.28)
A trick to solve the above equation is to first integrate P(~φ ,~˙φ , t) over ~φ . We first define
P˜(~˙φ , t)≡
∫
dd~˙φ P(~φ ,~˙φ , t) . (4.29)
Integrating Eq.(4.28) over ~φ , we find that P˜ satisfies the velocity space Fokker-Planck
equation
∂ P˜
∂ t
= bI
∂ P˜
∂ φ˙I
+3H
∂
∂ φ˙I
(
φ˙ IP˜
)
+DIJ
∂ 2P˜
∂ φ˙I∂ φ˙J
(4.30)
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Again, for 3Ht 1, we get the solution
P(~˙φ , t) =
(
3H
2pi
)d/2
(detD)−1/2 exp
[
−3H
2
(φ˙I−uI)D−1IJ (φ˙J−uJ)
]
, (4.31)
where D−1IJ is the IJ component of the inverse D
−1.
In both approaches, we see that the sample mean velocity 〈φ˙I〉 approaches the slow-
roll velocity bI/3H quickly. The actual inflaton velocity distribution centers around 〈φ˙I〉
with a spread dictated by the diffusion matrix DIJ .
The fact that 〈φ˙I〉 equals the slow roll speed naively leads one to think that the random
walk path generically gives the same amount of e-folds as the corresponding coarse-
grained smooth potential. However, the number of e-folds over a time period T is given
by
Ne =
∫ T
0
Hdt =
∫ H
φ˙2
φ˙IdφI , φ˙ ≡
∣∣~˙φ ∣∣ , (4.32)
It appears that 〈1/φ˙〉 rather than 〈φ˙〉 may be more indicative of the underlying physics,
where 〈
1/φ˙
〉
=
∫
dd φ˙I
1
φ˙
P(φ˙I, t)→ ∞ (4.33)
That is, 〈1/φ˙〉 6= 1/〈φ˙〉. The reason is simple: while large speeds dominate 〈φ˙〉, it is
the smallest speeds that dominate 〈1/φ˙〉. This clearly suggests that even if the average
(over samples) speed of the inflaton is the same with or without the random forces,
the presence of the random forces will typically increase the number of e-folds for any
specific path.
4.2 The Non-Slow-Roll Generalization
4.2.1 The Inflationary Trajectory with Minimal E-folds
The analysis in Chapter 4.1.1 relies on the slow-roll approximation and a constant Hub-
ble parameter. Here we would like to generalize the analysis to non-slow-roll case. We
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will see that the exponential potential corresponds to the minimal number of e-folds and
any deviation from that increases the number of e-folds. In the limit where ε is small,
the exponential potential become the linear potential in Chapter 4.1.1.
To begin, let us describe the dynamics of the single canonical inflaton field in the
Hamilton-Jacobi formalism [86], where we write every quantity as a function of the
scalar field φ , i.e., we choose φ as the “clock”.
3M2PlH
2 =
1
2
φ˙2+V (φ) , (4.34)
φ˙ = −2M2PlH ′(φ) . (4.35)
The ε and η parameters in this formalism is given by
ε ≡ − H˙
H2
= 2M2Pl
(
H ′
H
)2
, (4.36)
η ≡ ε˙
Hε
= 4M2Pl
[(
H ′
H
)2
− H
′′
H
]
. (4.37)
The number of e-folds is given by
Ne =
∫
dφ
H
φ˙
=
1
2M2Pl
∫ φi
φ f
dφ
H(φ)
H ′(φ)
(4.38)
Consider the case with fixed initial and final Hubble scale Hi≡H(φi) and H f ≡H(φ f ),
and we can ask what kind of function H(φ) gives the minimum number of e-folds be-
tween the two fixed boundary points. One can write down the Euler-Lagrangian equa-
tion,
∂
∂H
(
H
H ′
)
=
∂
∂φ
∂
∂H ′
(
H
H ′
)
(4.39)
which gives
H ′′
H
−
(
H ′
H
)2
= 0 (4.40)
Comparing with the definition of η in Eq.(4.37), the Euler-Lagrangian equation is equiv-
alent to saying that η = 0 for the trajectory with minimum e-folds.
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The solution to Eq.(4.40) is given by
H(φ) = Hi exp
(
−C φ
MPl
)
(4.41)
where the integration constant C is determined through requiring that H(φ f ) = H f .
Without losing generality, we set φi = 0, and introduce two parameters α and β such
that
α ≡ H f
Hi
< 1 , β ≡ φ f
MPl
. (4.42)
We therefore can write
H(φ) = Hi exp
(
lnα
β
φ
MPl
)
(4.43)
We now look at the ε and η parameters to make sure that Eq.(4.43) is an inflationary
solution. It is already evident that η = 0. Furthermore using Eq.(4.36), we get
ε =
2ln2α
β 2
. (4.44)
Inflation requires that ε < 1, so we need
β >−
√
2lnα (4.45)
From H(φ) above, we can reconstruct the potential through Eq.(4.34) and Eq.(4.35),
V (φ) = (3− ε)H2i M2Pl exp
(
−
√
2ε
φ
MPl
)
. (4.46)
In the limit ε  1, the potential becomes linear
VS(φ)≈ 3M2PlH2i
(
1−
√
2ε
φ
MPl
)
, (4.47)
which agrees with previous analysis in the slow-roll scenario with large damping [79].
Note that, to get the correct power spectrum index, we have to keep the φ2 term in VS(φ).
Using
dφ
dlnk
=
−2H ′/H
1− ε (4.48)
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one obtains, for
Pζ (k) =
H2
8pi2ε
(4.49)
the power spectrum index
ns−1 = dlnPdlnk =−(2ε+η)/(1− ε)'−2ε−η '−6ε+2ηSR (4.50)
where the last equality is taken in the slow-roll approximation. We see that η = 0 for
H1(φ).
One can now calculate the value of the minimum number of e-folds based on Eq.(4.43)
Nmine =
1
2M2Pl
∫ φi
φ f
dφ
H(φ)
H ′(φ)
=
−β 2
2lnα
(4.51)
We conclude here that, given the field distance ∆φ = βMPl, and the change in Hub-
ble scale ∆H = (1−α)Hi, the exponential form H(φ) in Eq.(4.43) corresponds to the
minimum number of e-folds Nmine =−β 2/(2lnα).
A few comments on the above conclusion:
• Let us denote the functional space of all the functions interpolating between H(φi)=
Hi and H(φ f ) = H f by H . The solution Eq.(4.43) minimizes the functional
Ne[H(φ),H ′(φ)] among all the functions in H . But we are only interested in
the inflationary subspace I ⊂H , which only contains functions H(φ) that: 1)
supports inflation everywhere in between φi and φ f . 2) gives a monotonic behav-
ior of φ(t), i.e. φ˙ > 0, H ′(φ) < 0. The first condition is satisfied by Eq.(4.43) if
ε < 1, i.e., β >−√2lnα , while the second condition is apparent from Eq.(4.43).
Once we make sure the solution Eq.(4.43) is contained in the inflationary func-
tional space I , we can conclude that it is the trajectory that gives the minimum
number of e-folds.
• If β <−√2lnα , the solution Eq.(4.43) itself does not give inflation, i.e., it is not
within the inflationary functional spaceI . We have no conclusion on the minimal
e-fold trajectory between Hi and H f .
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Figure 4.2: Contour plot (blue regions) for the value of minimum e-folds, with lighter blue
denoting larger Nmine . The red dashed line is N
min
e = 1 and the red solid line is
Nmine = 60. The green dashed lines are constant ε curves, with ε = 1,10−2,10−3
from the lighter to the darker green lines.
4.2.2 Deviation from the Minimal E-fold Path
Since the minimal e-fold path corresponds to η = 0, we can turn on the η parameter to
characterize the deviation away from the minimal e-fold path. Let us consider H2(φ)
first. We now need to solve the equation(
H ′
H
)2
− H
′′
H
=
η(φ)
4M2Pl
. (4.52)
The solution can be formally written as
H(φ) = Hi exp
[
C′x− 1
4
∫ x
0
dx1
∫ x1
0
dx2η(x2)
]
, x≡ φ
MPl
(4.53)
We can fix the integration constant C′ by matching H(φ f ) =H f = αHi with φ f = βMPl.
Therefore
C′ =
lnα
β
+
1
4β
∫ β
0
dx1
∫ x1
0
dx2η(x2) (4.54)
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Now the number of e-folds is
Ne =
1
2M2Pl
∫ φi
φ f
H(φ)
H ′(φ)
dφ =
1
2
∫ β
0
dx
1
C′− 14
∫ x
0 η(x′)dx′
(4.55)
In principle, one can consider arbitrary function of η(φ), as long as |η(φ)|< 1. Here
we will illustrate with the case η = const, where the solution Eq.(4.53) can be simplified,
H(φ) = Hi exp
(
C′
φ
MPl
− η
8
φ2
M2Pl
)
(4.56)
C′ =
lnα
β
+
ηβ
8
(4.57)
Ne =
2
η
ln
(
lnα− 18ηβ 2
lnα+ 18ηβ 2
)
(4.58)
In the small η expansion, we can write
Ne =− β
2
2lnα
− β
6η2
384(lnα)3
+O(η4)+ . . . , (4.59)
which further verifies that η → 0, Ne approaches minimum.
4.3 Primordial Power Spectrum
The standard approach to perturbations in multifield inflation is to decompose the per-
turbations into modes tangent to the background path (the adiabatic mode) and modes
orthogonal to the background path (the entropic modes). Such an approach is not quite
useful in our scenario, as the background path is convoluted making the adiabatic and
entropic decomposition artificial. Here we will treat perturbation in all directions on
equal footing and follow their evolution using the perturbed Klein-Gordon equation.
There are two subtleties here. First, the perturbations evolves even after horizon exit,
because the convoluted background path creates non-adiabatic pressure. As a result, we
will need to trace the evolution of the perturbations towards the end of inflation. Sec-
ond, even if we trace the perturbation for every φI , it is the projection along the adiabatic
direction that translates into the observable relevant for CMB temperature anisotropies.
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We now write down the standard evolution equation for the scalar perturbation vI(k,τ),
v′′I +
(
k2− a
′′
a
)
vI +
[
a2VIJ− 1a2
( a
H
φ ′Iφ
′
J
)′]
vJ = 0 . (4.60)
Here τ is the conformal time, and vI ≡ QI/a with QI the perturbation of φI in the spa-
tially flat gauge.
The last term above is negligible as it is suppressed by ε . According to the setup in
Eq.(4.13), VIJ is important only when the inflaton scatters, a2VIJ = 3aH∑Ki ∆
(i)
IJ δ (τ−τi)
to leading order in ∆( j), so
~v′′+
(
k2− a
′′
a
)
~v−3aH
K
∑
i=1
∆(i) δ (τ− τi)~v = 0 . (4.61)
with~v≡ (v1,v2, · · ·vd)T . Between the i-th and the (i+1)-th scattering, i.e. τi≤ τ ≤ τi+1,
we can write
~v(k,τ) = ~α iv−(k,τ)+~β iv+(k,τ) , (4.62)
v±(k,τ) =
1√
2k
e±ikτ
(
1± i
kτ
)
(4.63)
Generalizing the approach in Ref.[87], we derive the coefficients (~α i,~β i) recursively, by
matching the boundary conditions at each τi,
~v(k,τ+i )−~v(k,τ−i ) = 0 , ~v′(k,τ+i )−~v′(k,τ−i ) = 3aH∆(i)~v(k,τ+i ) . (4.64)
The result can be written in the form, ~α j
~β j
= Tj, j−1
 ~α j−1
~β j−1
 (4.65)
with
Tj, j−1 ≡

1+ 3i2 ∆
( j)(x−1j + x
−3
j )
3i
2 ∆
( j)e−2ix j(−i+ x j)2
−3i2 ∆( j)e2ix j(i+ x j)2 1− 3i2 ∆( j)(x−1j + x−3j )
 , x j ≡ kaH
∣∣∣
τ j
(4.66)
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Starting with the Bunch-Davies vacuum (α0I ,β
0
I ) = (1,0) at τ =−∞, we get (to lead-
ing order in ∆( j)),
αnI = α
0
I +
n
∑
j=1
3i
2
∆( j)
J
Iα
0
J (x
−1
j + x
−3
j ) , (4.67)
β nI = −
n
∑
j=1
3i
2
∆( j)
J
Iα
0
J e
2ix j(i+ x j)2 . (4.68)
As discussed at the beginning of the section, the observable is the gauge invariant adia-
batic scalar perturbation ζ defined by
ζ ≡ H
φ˙2
vI
a
φ˙ I , φ˙2 ≡ φ˙ I φ˙I (4.69)
Assuming 〈vIvJ〉 ∝ δ IJ , the power spectrum Pζ is
Pζ (k) =
H4
4pi2φ˙2
d
∑
I=1
|βI−αI|2
d
∣∣∣
τ→0
. (4.70)
Using Eq.(4.67) and Eq.(4.68), we get
Pζ (k) =
H4
4pi2φ˙2
×
(
1+
K
∑
i=1
Bi p1(xi)+Ci p2(xi)
)
, (4.71)
Bi ≡ 1
d∑I,J
∆(i)IJ , C
i ≡ 1
d ∑I,J,K
∆(i)KI∆
(i)
IJ , (4.72)
where Bi is the leading order effect due to inflaton scattering. The detailed shape of the
fluctuation is given by
p1(xi) = 3(x−3i − x−1i )sin2xi−6x−2i cos2xi ,
p2(xi) = 9(x−6i + x
−4
i )(sinxi− xi cosxi) .
Note that the power spectrum derived above contains terms quadratic in ∆. Naively,
one may think that we need to calculate the (αI,βI) to the same order to be consistent.
However, a careful examination shows that (αI,βI) only contains quadratic terms like
∆(i)∆(i+1), and by our assumption that adjacent scatterings are uncorrelated, they are
negligible. So we only need (αI,βI) to linear order in ∆ to get the power spectrum to
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quadratic order in ∆. Furthermore, terms like ∆(i)∆(i+1) are dropped when expanding
|αI−βI|2 for the same reason. We see that the assumption of randomness on the scalar
potential simplifies the power spectrum to a great extent.
In the above analysis, we have assumed H to be a constant. Incorporating the time
dependence of H, as dictated by the potential in Eq.(4.3), we can parametrize
H4
4pi2φ˙2
≡ As
(
k
k0
)ns−1
(4.73)
with As = 2.41× 10−9 and k0 = 0.002Mpc−1 [4]. The fluctuation part of the power
spectrum is essentially unchanged except that now xi→ xi/(1− ε).
We see that the primordial power spectrum Eq.(4.71) nicely factors. The smooth part
represents the gross feature of the power spectrum like the amplitude As and the tilt ns,
and the fluctuation part leads to features of magnitude Bi. Fig.4.3 shows an example of
the power spectrum with ns = 0.95 and seven random fluctuations.
4.4 Fluctuations on the CMB Power Spectrum
We consider an experiment which maps a fraction fsky of the sky using a Gaussian beam
with full width at half maximum ∆θ and a pixel noise ∆Tpix. Treating the noise as
Gaussian and ignoring any correlations between pixels, the uncertainties in Cl can be
approximated by the following expression [88],
δCl =
√
2
(2l+1) fsky
(
Cl +ω−1 el
2σ2b
)
, (4.74)
where σb = 7.42× 10−3(∆θ/1◦), ω−1 = (∆Tpix)2∆θ 2. Assuming fsky = 0.8, Cl ∼
104 l−2(µK)2, and using the experimental specifications [89] for WMAP and PLANCK
(Table I), the calculated uncertainties δCl/Cl (Fig.4.4) show that PLANCK can provide
cosmic variance limited measurements up to l ∼ 2000, while WMAP does so only up to
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Figure 4.3: We show the smooth power spectrum with ns = 0.95 (dashed line), and an
illustration of the power spectrum with three features labeled by the trian-
gles. We choose the magnitudes of the features Bi ∼ 0.01. For single field
d = 1, the features correspond to ∼ 1% sudden change in the potential gra-
dient. However, for multifield d 1, the features arise due to the turning of
inflaton trajectory. The turning angle can be quite large ∆IJ ∼ 1, and still be
compatible with data since Bi ∼ ∆IJ/d for the multifield case. Although fea-
tures arise due to different reasons in the single field and multifield scenario,
one can not tell the difference from their appearance in the power spectrum.
l . 800. 1
Looking at the un-binned TT CMB power spectrum released by WMAP [83], one
clearly sees that it fluctuates for about 10% (in the range 100 . l . 800). However,
due to the large error bars of the same magnitude (10%), it is hard to claim any features
based on current data. The usual approach to reduce the error bars by binning a few
tens of multiple moments together gives a relatively smooth TT power spectrum over
all angular scales. On the other hand, given that each e-fold of inflation corresponds
to roughly 300 multiple moments, the data binning approach will have smoothed out
fluctuations in the power spectrum if the inflaton scatters too frequently , say more than
1We assume an ideal case of complete foreground removal, marginalizing over foregrounds will gener-
ically degrade δCl/Cl further.
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Table 4.1: Experiment specifications for WMAP and PLANCK
WMAP PLANCK
ν (GHz) 61 94 70 100 143
∆θ (arcmin) 19.8 12.6 14 9.5 7.1
∆Tpix (µK) 21.1 31.9 12.8 6.8 6.0
20 50 100 200 500 1000 2000 l
0.20
0.10
0.05
0.02
∆Cl
Cl
Figure 4.4: δCl/Cl for WMAP 4-year data (green) and PLANCK 14-month data (red).
The black dashed line is the uncertainty due to cosmic variance.
20 times per e-fold.
We see that δCT Tl /C
T T
l . 5% for PLANCK in the range 500. l. 2000. So each 10%
fluctuation in CT Tl will be a 2σ effect for PLANCK. Once such features are revealed in
the TT power spectrum, they must appear in the TE/EE power spectrum at the same
angular scales. Although the noise (∆Tpix) in the TE/EE correlation will be
√
2 times
larger than that of the TT correlation, PLANCK still has the sensitivity to detect 10%
fluctuations as 2σ effects for 500 . l . 1500 in the TE/EE power spectrum. The ap-
pearance of fluctuations in the different power spectra (TT/TE/EE) will be an important
154
consistency check on our prediction.
If we assume that a few of such features already have been detected in the data [83, 84,
85], two possible scenarios seem to emerge : (1) the spacings between fluctuations (i.e.,
scatterings) can be many units of l, say ∆l ∼ 100; (2) although the spacings between
fluctuations are too small to be resolved, an occasional fluctuation is big enough to be
observed. Such observable fluctuations are relatively well spaced.
We end this chapter with some remarks. If the inflaton is trapped at a local minimum
in the potential, the CMB power spectrum will be scale-invariant (ns = 1), which is
certainly not the case. The red tilt of the power spectrum (ns < 1) implies that the inflaton
is mobile at least during the epoch that generates the CMB temperature perturbations.
If the inflaton reaches a local minimum, it will stay there for a time roughly given by
the lifetime of this false vacuum tF . Mobility of the inflaton implies that HtF  1.
The typical time delay due to this quantum tunneling effect is tF , so that we can easily
estimate the amplitude of density perturbation [90, 91], ∆= δN ' Hδ t ∼ HtF ∼ 10−5.
Some of the features in the power spectrum can be due to such a fast tunneling event in
the cosmic landscape.
The presence of fluctuations in the power spectrum implies that the inflaton is mobile
in the random potential, i.e., the cosmic landscape. This suggests that there is no eternal
infaltion, which will arise only if the inflaton is trapped at a local site for more than
an e-fold. Since our universe has gone through the cosmic landscape only once in this
scenario, the fluctuations will reveal this particular path of our past history.
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CHAPTER 5
COMMENTS AND OUTLOOKS
Brane inflation in the warped throat has very rich observable features on the CMB power
spectrum, provinding explicit comparisons between fundamental theory and cosmolog-
ical observations. Generally speaking, when the inflaton mass is much smaller than the
Hubble scale, we have the slow roll scenario, which can easily fit current observations
by adjusting the mass parameter. Unfornately, such slow-roll scenario does not generate
large tensor perturbations or primordial non-Gaussianities, making it almost impossible
to be distinguished from field theory models (except that it can produce cosmic strings
at the end of inflation). The slow-roll scenario also suffers from the η problem; Kähler
moduli stabilization induced a inflaton mass of order the Hubble scale, so 1% tuning is
needed for the slow-roll model to work.
When the inflaton mass is around or above the Hubble scale, we may have DBI in-
flation, where the full non-linear DBI action come into play and the inflaton speed is
bounded by the warped brane tension. In this work, we studied the UV and IR DBI
scenarios in detail. In the UV scenario, we found that before imposing the bulk vol-
ume bound (2.108), the ultra-relativistic scenario is compatible with the present data,
predicting a large non-Gaussianity. We also found in the intermediate regime that the
tensor mode can be large and the nt−r relation deviates from the usual slow-roll consis-
tency relation. However, imposing the bulk volume bound excludes both regions in the
simplest scenario. UV DBI inflation still remains a valid effective field theory model,
however, its embedding in the GKP type compactification [10] is excluded by current
observations (especially the bound on fNL). Searching for UV completion of such a
scenario is an interesting question remaining to be explored.
The IR DBI model, in which the brane rolls out of the throat under a negative mass
term, agrees with current observations very well. It produces negligible tensor perturba-
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tions due to its low inflation scale, while primordial non-Gaussianity is distinctive. The
running of fNL in the IR model is opposite to that in the UV model. During the early
stage of inflation, when the brane tension is warped below the Hubble scale, there is a
phase transition which suppresses the amplitude of primordial perturbations. If such a
transition happens not too far from the observable scales of CMB experiments, we will
be able to observe a negative running of the spectral index. Understanding the nature of
such a phase transition will be crucial if future data from PLANCK see significant run-
ning of the power spectrum index (dnS/dlnk) and primordial non-Gaussianity ( fNL) at
the same time. The negative mass term in the IR model still has not been explicitly con-
structed from string theory to date, it will be interesting to search for such a construction
using the recent advancement in string theory [92].
In addition to the global properties of the primordial perturbations, such as fNL and
dnS/dlnk, we also studied localized features in warped brane inflation scenarios. In
particular, Sieberg duality cascade provides a natural motivations for step features in
the K-S warp factor. Such features show up in the inflaton potential in the slow-roll
scenario, and the speed limit in the DBI scenario. The magnitude and location of such
steps are all correlated, such that if more than two adjacent features are revealed by
CMB data, we can predict where to look for other features. The features shows up not
only in the CMB power spectrum, but also leads to large oscillatory non-Gaussianity,
providing a consistency check on their existence. Current estimator for non-Gaussianity
is most sensitive to the local form f localNL . To study the oscillatory non-Gaussianity from
features, a new estimator needs to be developed.
Aside from brane inflation in the warp throat, inflation could also happen in the string
landscape. There the resulting inflationary picture is quite different. Due to the random-
ness in the inflaton potential, the inflaton path exhibits Brownian like motion. We have
proved that detours of the inflaton in the landscape always increase the number of e-
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folds. Furthermore, when the inflaton makes a turn in the landscape, the resulting power
spectrum has a feature at the corresponding scale. The Brownian like motion of the in-
flaton will show up on the CMB power spectrum as random features, with their location,
shape, and magnitude all uncorrelated. Such features are extremely hard to be picked
out in data analysis. However, if the fluctuation is about 10%, PLANCK may have a
chance to see it at 500. l . 2000. Furthermore, a combined T T/T E/EE analysis will
help to distinguish features from noises.
While this work studied the observational signatures of brane inflation in great detail,
many open questions still remain in both model building and data analysis. I will leave
these questions for future research.
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